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Introduction

The following work will investigate discretizations (see also summary) of the
socalled (two dimensional) sine-Gordon equation :

Wy — Wee = kSinw
or it’s reduction to the socalled pendulum equation:
wy = ksinw

The sine-Gordon equation has many important applications in physics. One of
the most well known examples is that of a pendulum chain, where the sine-Gordon
equation describes a chain of coupled pendula rotating in a plane [24]. The sine-
Gordon equation serves also as one of the simplest nonlinear field theories, where
it is of special interest that in the weak field limit |w| < 1 one recovers the
Klein-Gordon equation

An important feature of the sine-Gordon equation is that it admits solutions
which are - in contrary to plane wave solutions - localized in space time, socalled
solitons, or solitary waves. Nonlinear equations which show this feature are there-
fore called soliton equations. The study of soliton equations has produced a whole
new branch in mathematics and physics. For an excellent survey by two people,
who contributed also a very big part to this area, see the work of Faddeev and
Takhdajan [19].

But also in geometry, the sine-Gordon equation has its application. It can be
viewed as the integrability condition for surfaces with constant negative Gaussian
curvature, socalled K-surfaces, which were already studied by Bianchi [40]. The
normal map of such surfaces appears then again in physics as the socalled O3
invariant chiral model [44].

After having described the importance of the sine-Gordon equation in math-
ematics and physics the next question to ask is why study discretizations. Here
we enter a more modern domain.

As already indicated Soliton equations describe nonlinear phenomena. In
order to reconstruct these phenomena as there are e.g. flood waves, shallow
water waves, turbulences in fluid mechanics, etc. they need to be modeled on
a computer. But by construction a computer always needs a discrete version of
a differential equation. Therefore it is of certain importance to know how good
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a discretization is and which features appearing in the continous theory can be
recovered in it’s corresponding discrete theory.

Another reason for discretizing, espiacially in the sine-Gordon case is that
when one quantizes a classical equation, i.e. if one tries to substitute the classical
variables (fields) by operators on some Hilbertspace then one usually gets the
problem of divergencies. This can’t happen in a discrete theory.

A good way to control the discretizations of a classical equation is to take a
detour over differential geometry; i.e. to buid a discrete surface. In the case of the
sine-Gordon theory this means to rebuild K-surfaces - a task which was started
by the Vienna school with W. Wunderlich [57] and which was accomplished by
the Berlin school with A. Bobenko and U. Pinkall [7],[5] who drew in particular
a connection to soliton theory.

The present work is organized as follows.

The first chapter and second chapter will be concerned with the classical
theory.

The first chapter reviews the theory of K-surfaces and of discrete K-surfaces
and their relation to the Volterra model and the O? invariant chiral model.

The second chapter investigates the classical dynamics of various discretiza-
tions of the sine-Gordon equation. An emphasis will be put on the investiga-
tion of the lagrangian structure of the corresponding difference equations. In
particular a Lagrangian action for sine-Gordon variables assigned to the ver-
tices of the space-time lattice will be introduced. Using covariant phase space
techniques one can derive from this lagrangian action an unique nondegenerate
translational invariant poisson structure. The reduction of the vertex variables
to their difference (with constant monodromy), which gives variables assigned to
the faces of the space-time lattice, can be interpreted as a phase space reduction
(Marsden-Weinstein reduction). Moreover it will be shown that the vertex vari-
ables themselves can be obtained from a bigger algebra namely an algebra which
is generated by variables which are assigned to the edges of the space-time lat-
tice. These "edge variables” describe (modulo redefinition along the diagonals)
the discrete changes of a frame when moving along a discrete K-surface, i.e. the
discrete version of L = ¢d¢. It will be shown that the reduction from the edge
variables to the vertex variables refers to a gauge fixing of the frame ¢. It will
also be shown that this is gauge fixing is related to a choice of poisson relations
on the edge algebra, a fact which will become important in the next chapter.
The third chapter is dedicated to the study of the quantized models of the first
chapter.

Its first part gives a short introduction to what is meant by the term ”quanti-
zation”.

In the second part quantum evolution equations on all the in chapter one in-
volved algebras will be derived. In particular it will turn out that a subalgebra
of the above mentioned edge algebra forms a fermionic algebra, i.e. it’s genera-
tors satisfy canonical anticommutation relations (CAR). The quantum evolution
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on that subalgebra will be that of free massive fermions. For a full description
of the evolution on this subalgebra the introduction of socalled lightcone shifts,
which can be envisaged as quantized symplectomorphisms on phase space will be
necessary. As it turns out the introduction of these shifts results in a fixing of the
roots of an equation, which is usually called the classical background equation
[52]. [39]

The third part of chapter three deals with the construction of integrals of
motion for the quantum sine-Gordon model. In particular the explicit form of
these integrals for the reduced case of a quantum pendulum will be derived. The
only nontrivial integral to obtain in this case will be called hamiltonian of the
quantum pendulum. It depends on two parameters o, k € R. We will study this
hamiltonian in finite dimensional representations. In the case, where e = g,
where ¢ more or less labels the different finite dimensional representations the
hamiltonian of the quantum pendulum will be up to a constant the square of the
socalled Hofstadter hamiltonian. Both hamiltonians have important applications
in solid state physics (see e.g. [31, 33, 55, 17, 18, 3, 37, 35])). The analytic
determination of the spectrum of the Hofstadter hamiltonian, as well as quantum
pendulum is an unsolved problem and hence one has to describe the spectrum
by other means.

After a short description of the method of Bethe ansatz it will be shown that
one can express the spectrum of the quantum pendulum for all ¢ = ¢!, [ € Z by
a set of Bethe ansatz equations.

In the fourth chapter some more applications of the discrete sine-Gordon
and pendulum equation will be given.

It will be shown that the equations which govern the evolution of a particle
in a billard with an ellipse as boundary will be more or less identical to the ones
for the discrete pendulum.

It will be shown that the heights of the normals of a rotational symmetric
K-surface satisfy the square root of the pendulum equation. Since in the quanti-
zation chapter also a quantization for the square root of the pendulum equation
was suggested, one may hence investigate how with this information gives a pos-
sible quantization for a rotational symmetric O3-invariant chiral model. The
pendulum equation for the squares of the heights of the normals belonging to a
K-surface is unfortunately a reduction of a sine-Gordon type equation, which in
general can’t be related to a K-surface but belongs to another geometrical model.
A description of this model will be given.
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Chapter 1

Geometry of K-surfaces

A K-surface is a n dimensional smooth surface with constant Gaussian curvature
K=-1.

In the following we will only consider two dimensional K-surfaces (From now
on briefly K-surfaces). All (two dimensional) surfaces with Gaussian curvature
K = —1 can be described in certain parametrizations, which posess an obvi-
ous discrete analog. Hence we will extend the definition of a (two dimensional)
smooth K-surface to the before mentioned discrete analog, which will be called
(two dimensional) discrete K-surface or if the context is clear also just K-
surface.

We will give now a brief review of smooth (two dimensional) K-surfaces and
introduce the above mentioned parametrizations in order to motivate the defini-
tion of discrete K-surfaces.

Readers which are familiar with the definition of K-surfaces can skip sections
1.1 and 1.2.

The connection between discrete K-surface and the socalled Volterra model
will be given after that section.

1.1 Smooth K-surfaces

1.1.1 Smooth K-surfaces in terms of classical geometry

Let M be a two dimensional smooth orientable manifold immersed into R?. Let
F:U c M — R? be a parametrization of M. The metric ¢™ on M shall
be induced, ie. ¢gM = <d}~7’,dﬁ’>R3. Then there exists a smooth map, called
Gaussmap N : M — S2 € R? which sends each point of the manifold to the
tip of the unit normal along F'(M). Often the Gaussmap is defined as the map
N :=Noz': ZU) C R* - S? where (U, ) is a local chart of M. We will
mostly work with this definition of a Gaussmap. Define analogously F' = FoZ ! :
Z(U) CR? — R
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The differential de : T,M —T ,5% < T,M C R® of the Gaussmap defines a
symmetric bilinear form I : T, M x T, M — R by:

(X, X) = —(dF(X),dN(X))} X € T,M;

II: T,M x T, M — R is called second fundamental form.

The determinant of the linear operator dF~! o de T M — T,M is called
Gaussian curvature K of M at p. If we express the second fundamental form
with respect to a local basis, i.e II = edx® + fdxdy + gdy* and analogously
for the induced metric I (which is also called first fundamental form)i.e. [ =
Edx? + Fdxdy + Gdy?, then :

_detll  eg— f?
~ det]  EG-— F?

If K: M — R is negative and nonvanishing then it is straightforward to show
that there exist two linear independent vector fields U,V € X (M) such that

(1.1.1)

I,U)=1,V)=0 f.a. pe M.

The integral curves of the vector fields U and V are called asymptotic lines. An
asymptotic line parametrization is henceforth a parametrization F : (z,y) C
R? — R3 such that

By 5) = Tl 5) = ~(FesdN (o = ~(Fyn ¥ (5 =0
It follows that
0= (R dN(3)) = (Fuy Vo) = 5 (Fay N) = (Fo N) = (e, ),
Ox Oz
where F, = 2 F a.s.0. Analogously (Fy,, N) =0

Hence besides the tangential vectors F,, F, (at a point p) also the vectors
F,., F,, are orthogonal to IV, i.e. in particular the planes spanned by F, and Fj,,
which are called osculating planes along the coordinate line F(x,y = const)
are parallel to the tangent planes of M along F(x,y = const). The same holds
for the line F'(x = const,y). The second fundamental form has in this case only
more off diagonal entries, namely:

II = —(dF,dN) = 2(F,,, N)dzdy

Let F: (z,y) C R? — R3 be from now on an asymptotic line parametrization.
Define
|Fw|:A’ |Fy|:B

and denote with w the angle between the asymptotic lines on the surface, i.e.:

(Fy, Fy)ps = AB cosw
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In addition let us demand that the Gaussian curvature is K = —1. Using (1.1.1)
we get for the first fundamental form I (the metric) and the second fundamental
form II of a surface in asymptotic line parametrization with K = —1:

[ = (dF,dF)*" = A%da® + 2AB coswdady + Bdy?
II = —(dF,dN)* =2ABsinwdxdy.

The zero curvature of euclidean space R3:
DxDydF(Z) — Dy DxdF(Z) — Dixy1dF(Z) =0

induces via

DxdF(Y) = dF (VYY) + II(X,Y)N

an identity, which involves only the first and second fundamental forms of M. The
tangential and normal components of this identity give the Gauss and Mainardi-
Codazzi equations (shortly called Gauss-Codazzi equations). The Gauss-Codazzi
equations serve as integrability conditions (see also Theorem 1.1.4 below).

In the above described special case of a surface in asymptotic line parametriza-
tion with the additional demand that K = —1 the Gauss-Codazzi equations are:

Wey — ABsinw =0
Ay =B, =0 (1.1.3)

Definition 1.1.1 A parametrization F : (z,y) C R* — R3 satisfying
Ay =B, =0

is called a weak Chebychev parametrization (or weak Chebychev net); if in
addition

|F| = A= const e R\{0} |F,| =B = const € R\{0}

(constant length tangent vectors)

a. A # B the above parametrization is called an anisotropic Chebychev parametriza-
tion (net)

b. A = B the above parametrization is called a Chebychev parametriza-
tion(net).

One can show that any surface which is simultanously parametrized in a (weak)
Chebychev and asymptotic line parametrization is a surface with constant Gaus-
sian curvature K = —1 (K-surface). It follows that the angle between the asymp-
totic lines satisfies equation (1.1.2) which is called sine-Gordon equation.

In addendum we remark the following;:
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Theorem 1.1.2 (see e.g. [7]) Every surface with constant negative Gaussian
curvature posesses a one-parameter family of deformations preserving the second
fundamental form, the Gaussian curvature and the angle w between the asymptotic
lines. The deformation is given by

A — M\ B—>§B

A will be called spectral parameter.

1.1.2 The Gauss map of a smooth K-surface

Proposition 1.1.3 (/7] The Gauss map N : R*> — S? of a smooth surface with
Gaussian curvature K = —1 1is lorentzharmonic,i.e:

Ny = pN p:R* =R (1.1.4)
From (1.1.4) it follows immediately that
|N,| =: A, |N,| =: B.

We call such a parametrization of the Gauss map N : R? — S? of a smooth
K-surface forms a lorentzharmonic (weak) Chebychev net on S?. Moreover let

1
W= arccos(E<Nm,Ny)Rs). (1.1.5)
We obtain
A 1

Nyp = —A2N + w, =2 N, — Zw,——N,

sin w B “sinw

_ B coswy B o1
Ny = =B N+wysiany Awysianx

Inserting this into (1.1.4) gives us the sine-Gordon equation in & = 1 — w:
Wy + ABsinw = 0

the Gauss map N : R? — S? of a smooth K-surface is also wellknown in physics
as the O3 invariant Chiral model [44].

1.1.3 Smooth K-surfaces in su(2) description

We identify R? with the space of imaginary quaternions

3
T = (11,79,73) ER® = —iZwkak € su(2)
k=1
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(01 (0 =i (10
1=1{1 0 2=\ o 3=\ 0 -1

The scalar product in R® reads as (z, y)gs = —2trXY. Let D(A, ¢'?) := Re(¢'?/?)1 +
Im(e'®?A) € SU(2). A rotation R(a,e™) € SO(3) of a vector x around a unit
vector a with angle ¢ is then given by:

R(a,e®)x = D(A,e?) ' X D(A, )

Theorem 1.1.4 ([7]) Let F : (u,v) C F : R* — R® = su(2) be a surface
of constant negative Gaussian curvature K = —1 and ®(u,v) € SU(2) a unit
quaternion which transforms the basis {E;}i=123 in R® = su(2):

where

E, = —i)\A(cos %01 + sin gag)
E, = —ixB(cos %01 — sin 502)
Ey = —ios
into the basis
F, = o'Eo
F, = ©'E®
N R ONG)
Then ® satisfies the system
o, =U9, o, =V (1.1.6)
where
g o~ ¢ ( G AP )
2\ —A)e?/? —2u
yo= L ( I P A ) . (1.1.7)
2 Xeﬂd’/z %”
The so called zero-curvature condition:
U, =V, +[U,V]=0 (1.1.8)

gives the Gauss-Codazzi equations (1.1.2),(1.1.3) of the surface.
On the other hand if ®(u,v) € SU(2) is a solution to (1.1.6) then

0
F = 2<I>’1aq) A =¢ Sym’s Formula
1s a surface of constant negative curvature K = —1 with the fundamental forms
I = (dF,dF) = A% 4+ 2AB coswdzdy + B*dy?
II = —(dF,dN) = 2ABsinwdzdy.

Its Gauss map is given by N = —i® 1o3®,
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1.2 Discrete K-surfaces

Definition 1.2.1 A discrete surface is a map F : (n,m) C 72> — R? with
F:(n,m)— F(n,m)=F,m

An edge on a surface is the vector
E2m2 = Fryms — Foym € R?

where |ny — ng| = 1 exclusive or |my —my| = 1. Sometimes F>7"2 will be used
for denoting the ordered tupel (F,my, Fnymy)-
A face on a surface is the equivalence class of all ordered quadrupels

(Fn,ma Fn,erla FnJrl,erla FnJrl,m)

modulo the equivalence relation of cyclic permutation.
If the points Fy_1m, Fpm+1, Fnsim, Fom, Fam—1 lie all in one plane P, (as
points in R?) then the normal vector at a point F), ,, is given by

Ny = EEE™ s Fromt (1.2.9)
The map N : (n,m) C Z* — R® will be called a discrete Gaussmap.
Definition 1.2.2 A discrete K-surface is a discrete surface
F:(nm)cCz®—R
for which
a. For each point F,, ,, there is a plane P, ,, such that

anl,ma Fn,erla Fn+1,m7 Fn,ma Fn,mfl S Pn,m

b. The lengths of opposite edges of a face are equal, i.e. the surface is parametrized
in a (weak) discrete Chebychev net in R3:

) ,m+1 .
|Eitml = 1F il = An #0
: +1, .
|Pﬁﬁﬂ|:|Eﬁm£;1 = B,#0

n—1m n+1,m

n—1m—1 mm—1 n+1lm-—1



1.2. DISCRETE K-SURFACES 13

Hence the definition of a K-surface implies the equality of opposite angles of
a face.

In section 1.1.2 we learned that the Gauss map of a smooth K-surface forms a
lorentzharmonic (possibly weak) Chebychev net on S?. The following proposition
shows that the same holds for the discrete case, where the definitions of a discrete
(weak) Chebychev net on S? and the notion of discrete Lorentzharmonicity will
be given first.

Definition 1.2.3 A discrete (weak) Chebychev net on S? is a map
N:z — S?CR®
(n7 m) — Nn,m

such that

<Nn,maNn+1,m> - <Nn,m+1aNn+1,m+1> - COS(Slm

1.2.10
<Nn,maNn,m+l> = <Nn+1,maNn+1,m+1> = COSéQn ( )

i.e. the length of opposite arcs of a spherical quadrilateral are equal.
Definition 1.2.4 A map N : z?> — R? for which

Nn+1,m+1 - NnJrl,m - Nn,erl + Nn,m = pnm(NnJrl,erl + NnJrl,m + Nn,erl + Nn,m)
(1.2.11)
with ppm : Z* — R is called lorentzharmonic.

Lemma 1.2.5 (see [7]) A lorentzharmonic discrete (weak) Chebychev net on S*
is given by its values along an initial Cauchy zig-zag on S?, i.e. a sequence
of initial conditions of the form (... Ny m+1, Nom, Not1,ms Not1m—1--.) and the
discrete equation

<Nn+1,m + Nn,erla Nn,m>
||Nn+1,m + ]\/vn,m-l—ln2

Nn+1,m+1 =2 (Nn+1,m + Nn,m+1) - Nn,m (]-2]-2)

Proposition 1.2.6 (see [7]) The Gauss map of a discrete K-surface is a lorentzhar-
monic discrete (weak) Chebychev net on S%. Any lorentzharmonic weak Cheby-
chev net in S* N : 72?2 — S? C R® is the Gauss map of a discrete K-surface, which
15 determined by N uniquely up to homothety and translations.

The edges of the discrete K-surface are given by

Fovim—Fom = const- Nppim X Ny

Foms1 — Fum = const - Ny X Npmya, const € R.
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From the above propostion 1.2.6 it follows immediately that the angle w between
two arcs of a spherical quadilateral is m — @, where @ is the angle between two
edges of a face on th K-surface:
w = Z(GTC(Nn,m-‘,-la Nn,m)> arC(Nn,ma Nn—l—l,m)

= 4(Nn,m X NnJrl,ma Nn,m X Nn,erl)

= Z(Fn—i—l,m - Fn,ma _(Fn,m+1 - Fn,m))

= m— A(Fn-l—l,m - Fn,ma (Fn,m-i-l - Fn,m))

= T—W.

Comparing with section 1.1.2 we find that this holds also in the smooth case.

1.2.1 Spherical geometry, Derivation of the sine-Gordon
equation
By definition 1.2.10 we know that the length of two opposite sides of a spherical

quadrilateral or face have to be the same. Hence also opposite angles have to be
the same.

By Napiers rule ([8] p. 207) we know that

w (51 — 52 w' 51 + (52
cot — cos = tan — cos
2 2 2
< s 5 s 5
w w' COS 5 oS 5 + sin 5 sin 2
tan — tan — = 5 5 — 5 %
2 2 + cos §- cos 2 — sin & sin 2
Defining k = tan 52—1 tan %2 we obtain
w w14k
tan —tan — = ——

2 21—k
Inserting the definition ¢ = ¢ we finally obtain
, 1+ kq
T=" k+q
Considering four neighbouring quadrilaterals the angles at the centerpoint P
have to sum up to 27, i.e. qn+1,m+1qn7mq7’l+17mq;n’n+1 =1.
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Hence we obtain an evolution for the angles between two spherical edges:

1 Qn—i—l,m + k:n—i—l,m Am,n+1 + km,n—i—l

/ —1/
An+1,m+19n,m = \Gn+1.m Am.n -
+1,m+1 ( +1, ) ( s +1) 1 + kjn+1,mqn+1,m 1 + km,n_{-lqm,n_{-l

(1.2.13)
If we express the angles between the edges of a spherical quadrilateral by the
angles between the edges of a discrete K-surface (1.2.13),i.e. ©® = 7 — w then we
get from (1.2.13):

Proposition 1.2.7 ([7]) The angles between the edges of a discrete K-surface,
which correspond in the smooth case to the angles between the asymptotic lines
of a surface satisfy the following equation:

~n m kn m Nmn - kmn
Gn+1,m+19n,m = Intl, tim dmnt1 s (1.2.14)

kn—l—l,mgn-l-l,m —1 kjm,n—l—lgm,n—l—l -1

where
kn,m kn+1,m+1 = kn+1,mkn,m+1

Hence (1.2.13) is a discrete version of the sine-Gordon equation (1.1.2). Althaugh
(1.2.14) differs by a sign from (1.2.13) we will sometimes refer also to (1.2.14) as
being "the” discrete sine-Gordon equation.

1.2.2 Discrete surfaces in su(2) description

As in the smooth case (1.1.4) we define a the matrix ¢, ,,, which rotates a normal
vector positioned in z-direction to the position it should assume at the point £, ,,
of our surface:

Npm = =@ 1n030nm e € SU(2) (1.2.15)

similar as in (1.1.6) @y, shall be the at the point (n,m) € z* evaluated solution
¢ : 7* — SU(2) of the initial value problem

¢n+1,m = Un,m(bn,m (1216)
Gnmt1 = Vam®um  Unms Vam € Su(2) ¢ € SU(2)  (1.2.17)



16 CHAPTER 1. GEOMETRY OF K-SURFACES

n+1l,m+1
Un,m+1

where in analogy to the zero curvature in the smooth case (1.1.8) we impose the
compatibility condition:

Un,mvnjél = anrll,mUn,m—l—l (].2]_8)

which ensures that definitions 1.2.17 are welldefined. For the discussion in the
following it will be useful to introduce another notation. We numerate our lattice
in Z? as depictured in the figure 1.

¥ g2t-12p-1, gzt,2p+1

7
7
e

s N /7 N
s N 7 N
/ N7 N v Ny N4 N

Figure 1

The matrix solutions ¢ will be indexed accordingly. The indices x and ¢ will be
usually called time and position indices for reasons, which will become apparent
later. In the same way we will usually call the above lattice a Minkowski space
time .
The newly introduced notation has the advantage that we can distinguish the
transport matrices Uy, ,,,, Vi, m solely by their footpoints on the lattice. Define:
Tip:= ¢t,k¢;11,k,1 if k—t even
j—‘t,k: = ¢t—1,k¢;}ifl if k—t¢ odd

(Note that ¢, ; is only defined if i — j even). So we find:

Tiy ~Uy for k—t even
Ty g = Vt_k1 for k—t odd

The conditions

cos 6, = (Nyv1g, Nepra)  if k—t odd
coS 5,%+t+2 = (Nig, Nex1gr1)  if k—t even
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where N;j = —igb;]iaggbt’k together with the fact that Ty, € Su(2) allow us to

parametrize
ot el k Z'ei“’;' Pk
_ J }
Tt,k = COS 2 < ieiw;e*i,@mk efiat,k
where
Wi _j 1=1 j:l{}—t it k—t odd
ea_tan2 and {i:2 j:k?-i—t if k—t even

We know from (1.1.2) that the Gauss equation should be invariant with respect
to the transformation w! — wi(X), where:

wi(A) = (=1)'A 4 w! (1.2.19)

A is called a spectral parameter. The following proposition shows that the
introduction of the spectral parameter \ ensures the lorentzharmonicity of the
corresponding normal vectors.

Proposition 1.2.8 (see also [7]) If we do not specify any boundary conditions
then any choice of the matrices Ty, of the form

o el k Z'e‘*’;' o)) eBe.k
o ,
Ty k() = cos 9 (M) ( i) o B R ek, e ER,AEC
(1.2.20)
i i i i i ; wh () ;
where ¢“i™ = (TVMG — (-1 )‘tan%’ and cos 63(\) = 1_:;;(;, d; as before,
which satisfies the compatibility condition (k —t even)
j—‘t—l—l,k()\)j—‘t—kl,k—l()\) = T;f,k(/\)T;f,k—l(/\) AEC (1221)

defines a lorentzharmonic Gaussmap in a discrete (weak) Chebychev parametriza-
tion (1.2.11, 1.2.10 via

Nig := —i¢; ;0311 (1.2.22)

where ¢ is a solution to the initial value (k —t even) problem

Ot = Ti 01 k-1 = Top1 kPr41 k-1 $o,0 € SU(2).

Proof: In [7] it was proven that if T} is of the form (1.2.20) but subject to the
gauge constraints

arg = heg — he—1 k-1 B =0 for k—1t even

Oy = 0 ﬁt,k = htfl,k -+ ht,kfl for k—t odd (1223)

satisfies the zerocurvature condition (1.2.21) then this defines via the above men-
tioned definitions for all values of A a discrete lorentzharmonic Gaussmap in a
(weak) Chebychev parametrization.
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The normals are invariant under the gauge transformations

Ty — Tnk i= At,kE,kA;_lLk_l for k—1t even (1.2.24)
E,k — Tnk = Atfl,th,kA;kl;_l for k-t odd -
where
Ay = 'tk (1.2.25)

For the case A\ = 0 it was shown in [7] that if we do not fix any boundary
conditions then any configuration of T} ;(0) can be gauged with the above Ay
into 7T} x(0) of (1.2.23). On the other hand one sees immediately that the above
gauge transformation doesn’t change the form (1.2.20)of the Ttk Hence it follows
that any configuration of T} ,()\) can be gauged with A, (1.2.25) into T} x()\) of
(1.2.23). O

By the above it became clear why for a given initial configuration of transport
matrices (... 7o 1,700,701 - - .) the zerocurvature condition (1.2.21) won’t be suf-
ficient for defining an evolution, unless we define additional gauge fixing con-
straints.

In the following sections we will investigate this option and moreover explain
how some features of the above evolution can be viewed in terms of symplectic
geometry. For this purpose it will be convenient to regauge the frame ¢, along
every second diagonal of the lattice.

With respect to the so new obtained frame the transport matrices 7} will
assume a form, which shows that the above decribed model is more or less equiv-
alent to the socalled Volterra model, appearing in the physics literature (see e.g.
54)).

1.3 Turning normals along every second diago-
nal

In the following we will consider a frame, which will be rotated along every second
diagonal of the lattice by an angle of m around the z-axes. If the variables ¢, j
obey some periodicity conditions we assume that the halfperiod p of the lattice
is an even number.Define

¢ " integer
D — ) 4 )
1(¢t7k> { T1P1 % noninteger
k—t :
O1Qrr = nteger
D — ’ 4 .
Sy { Grk % noninteger
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The transformations D, and D, differ only by a global regauge in oy so that in the
forthcoming it will be sufficient to study transformation D; only. The transport
matrices with respect to D;(¢y ) read as:

kE —t even
Di(Tx) = Dl(‘bt,k)Dl((btfl,kfl)_l
= Tk if % integer
= o101 if % noninteger
k —t odd
Di(Tyx) = Tigoy if % integer
= o1y if _2“ noninteger

The swapped normal vectors differ only by signs,i.e

N, — Di(Ney):= —iDi(¢rr) FosDi(dry) 5% integer
b _Dl(Nt,k)::+iD1(¢t,k)7103D1(¢t,k) % noninteger

Hence if Ay, = e*+3 € SU(2) then N, is invariant under the gauge trans-

formation Dy(¢) — Ay pD1(des). It follows that instead of the space of all solu-

tions 7T} to the zero curvature condition (for a given initial zig-zag of matrices

(... 761,700, To1 - - .) which are subject to the gauge freedom 1.2.24 we can equally

investigate the space of all solutions D; (7} ) subject to the same gauge freedom.
Let us define:

k —t even
i _ e k=t :
Ui = Q. Vg = —Pep + 5 if o, integer
o B 2 . it .
Upp:= —Qur Vi = +0p + 5 if F75 noninteger
k —t odd
- - _ T if k=t int
Ut k- = Bt,k Ve = — Ok P 1 4 mieger (1 3 26)
Ui = —Pep Uk = topp — 5 if % noninteger e

then for k — t even

1 itk N €A+w§ +te iUk

Di(Tiy) = ——— . :

1( t,k) 5l%+t ) 6)\+wz+t etk etk
COS —5
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k —t odd

Dl (E,k‘) - 5}171&()‘)

A—wi 1) —iu
k—t t,k t,k
(COS )2 e e e

T T O . .
7 S1n —k_Qt( ) ( etk _ex\fw}c_te—wt’k )

The swapped normal vectors differ only by signs,i.e

N, — Dy (Nyy): = —Z'Dl(ﬁbt,k)*lU:le(QSt,k) kT:t intceger
bk —D1(Nyg):= +iD1(¢rx) L o3D1(drr) % noninteger

Hence if A;j = e € SU(2) then N, is invariant under the gauge trans-
formation ¢ — Ay pD1(prr). It follows that instead of the space of all solu-
tions Ti to the zero curvature condition (for a given initial zig-zag of matri-
ces (... To 1,700,701 -..) which are subject to the gauge freedom 1.2.24 we can
equally investigate the space of all solutions D, (T} ;) subject to the same gauge
freedom.

The factors in front of the matrices Dy (7} ) are unimportant for the inves-
tigation of the above described solution space. We will investigate from now on
the solution space of the zero curvature condition:

Lyyi gk Liv1 k-1 = LygLlig— (1.3.27)
where
s eiutk MD)W vy
Lt7k(>\ + <_1> wj) = < 6)‘+(71)iw;‘€ivt,k eiiut,k (1328)

and w;. as before.



Chapter 2

Classical dynamics

After a brief review of essential definitions within symplectic geometry we will
introduce the notion of discrete space time and dynamics on it, furthermore we
will introduce an action, which is defined in terms of quasi periodic field variables.
These field variables may be envisaged as "living” on the vertices of the Minkowski
space time lattice (”vertex variables”).

The Euler-Lagrange equations, which are obtained from this action by a vari-
ation in the (vertex) field variables are (modulo a redefinition) of Hirota and
Sine-Gordon type.

The introduction of field variables, which ”live” on the edges of the Minkowski
space time lattice ("edge variables”)leads to a better understanding of the role
of the vertex fields variables.

2.1 Review of definitions within symplectic ge-
ometry

Definition 2.1.1 A Poisson structure on a M is a bilinear map on the algebra
of C*®-functions on M

{-}: O (M) x C%(M) — C=(M)
satisfying the following conditions, for f,g,h € C*(M):

1. Skewsymmetry

2. Numbercommutativity
{f,c} =0 if c=const|pm

3. Leibnitz rule

{f,gh} = g{f, h} +1{f, g}

21
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4. Jacobu identity

{F g hiy +{nAf g} +{9.{f.h}} =0

Let (U;, gi)ics be local charts on a smooth manifold M of dim n, then

n—1
df dg
_ Im ~J
{f.9}lv,= > n 5 D

Il,m=0

where 7 is a rank two antisymmetric contravariant tensor which is defined by the
conditions of definition 2.1.1. In particular n transforms such that the definition
of the Poisson bracket {-,-} is independent of the choice of the coordinate maps
¢ M—-R

Lemma 2.1.2 [f f € C*(M), n nondegenerate, U; C M as before and

{qf’ f} =0
or any chart components q; on U; C en = const. on U;.
hart ts qF on U; C M then f t. on U,

Proof:
Since 7 is nondegenerate the vectors vy defined by

km

()™ =1

are linearily independent f. a. p € U;, hence if equation

n—1 n—1
dgF of of
k o Im ) — m —
(ah1) = 3 G S = S =

I,m=0

holds for all vy, k € {0...n — 1} we obtain a‘z—{n = 0 (pointwise). Since U; is per
assumption simply connected the assertion follows. O

If n is nondegenerate for all p € U; one can establish an isomorphism between
the poisson structure {, } on M and a bilinear closed differential form w via the
following: Let {dqz } be a canonical basis on the cotangent bundle T* M restricted

to the neighbourhood U; , such that

0
dqg(a—qk): ks on U,

Let f € C°°(M) and

Definition 2.1.3 X be the socalled hamiltonian vector field which is defined
n—1 m
by dgi(Xp)lp = Yoo 1" (@) g
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n as before defined in definition 2.1.1. Then w is the two form which maps X
into the total differential of f : w(Xy,-) = df, i.e. again in local coordinates:

n—1

W= mmdg}"dg;,

I,m=0

where 7, denotes the inverse of n'™, i.e.

D ™ = 67

m

Definition 2.1.4 A nondegenerate closed skewsymmetric two form Q on a smooth
manifold M is called a symplectic twoform.

A manifold M which is eqipped with a symplectic twoform €2 is called a sym-
plectic manifold (M,Q).

Hence the above defined w is a symplectic twoform. Sometimes () is degenerate
on the manifold M. In this case M has to be reduced to a submanifold in order
to find a nondegenerate two form, which is invertible everywhere and induces a
Poisson bracket {-,-} on M (symplectic reduction).

An example of such a reduction is the socalled Marsden-Weinstein reduc-
tion, which will be explained soon.

Definition 2.1.5 An action of a Lie group G on M , is a smooth mapping
¢:GxM— M such that f.a. x € M; g,he g

a. ¢(e,x) = x, where e is the identity in G
b. ¢(g,¢(h, x)) = d(gh, x).
Let ¢9 = ¢(ga )

An action ¢ is called free iff the map g — ¢4 is one to one for all g € G

An action ¢ is called proper iff ¢ : G x M — M x M defined by ¢(g,x) =
(x,p(g,x)) is a proper mapping, that is, if K C M x M is compact then qg_l(K)
18 compact.

The map ¢4 : M — M is called symplectic iff the symplectic form w on M 1is
invariant under the pullback via the map ¢,:

Pyw = w

An action ¢ is called symplectic iff the above defined ¢, is symplectic for all
geg.

Proposition 2.1.6 [45] If ¢ : G x M — M is a proper free smooth action then
MA\Gis a smooth manifold and 7 : M — M\G is a submersion.
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Definition 2.1.7 An infinitesimal generator £ of a smooth action ¢ is a vector

field EM € X(M) defined by:

d
M, = im0 d(exp(t6). p),

where & € g(the Liealgebra of G). The map ¢(exp(tf),-) : (—e,€) X M — M will
be called a £-flow on M.

Definition 2.1.8 A momentum function corresponding to a symplectic flow
Geap(te) 0N a smooth connected manifold is a smooth function

JE):M—-R

such that the infinitesimal generator €M € X (M) belonging to Geap(te) 1S a hamil-
tonian vector field, i.e.

Xj(g)|p = 5M|p-

Definition 2.1.9 Let J(€) defined as above be defined for all € € g. The mo-
mentum mapping J for a symplectic action ¢ on a smooth manifold M 1is the
map J : M — g* (the dual of the Liealgebra) defined by

J(p)(€) = J(€)(p)

Definition 2.1.10 Let I(h) : G — G be the inner automorphism on G associated
with h which is defined by

I(h)(g) = hgh™"

The map I(h) induces an automorphism Ady, : ¢ — g on the Liealgebra g, namely
if £ € g denotes the Liealgebra element corresponding to g then

&g Adp(&y) = Engn-

Ady, is called the adjoint mapping associated with h.
Let us consider the function 9, ¢ : M — K defined by:

p— J()(dn(p) — J(Ady18)(p)

It is straightforward to show that diy, ¢ = 0. Hence 9, ¢ is constant on a simply
connected neighbourhood U;. v, ¢ somewhat measures how the commutator (i.e.
the Poisson bracket) between the momentum functions {J(&,), J(&,)} translates
into the commutator in the Liealgebra. If we demand that ¢y, ¢[p = 0 then we
restrict ourselves to certain moment maps, which are called Ad*-equivariant:
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Definition 2.1.11 A momentum mapping J is called Ad*-equivariant provided

J(¢n(w)) = Ady—. T (x)

It is now straightforward to find that if J is Ad*-equivariant, then

{J(&), J(&)} = (& n)). (2.1.1)

For p € g* let G, = {g € G|Ad; ,ju = p; pu € g*} be the isotropy group under the
Ad*-action on g. Since J is Ad*-equivariant we have for g, € G,

J(B0,(T710)) = Ad’p = p (2.1.2)

hence
g, (T (1)) C T H(n).

Since the action ¢ is per assumption proper and free for all g € G and since ¢¢,
leaves J~!(u) for any regular value p € g* invariant, we know by proposition
2.1.6 that the space of all equivalence classes via ¢4, x = x, i.e. the quotient

J 1)/ G

is well defined. It is called reduced phase space and the reduction as explained
above is called Marsden-Weinstein reduction.

The following example will give a simple application of the above construction of
P, = J '(n)/G, in addition it will serve as a proof of an assertion to come up
later.

2.1.1 Example

Let M = R**2_let {9i}ict0..2p+13 be canonical coordinates on M.
Define an action ¢ of the Liegroup G = R X R by

o gxM - M
((t1,t2),9 = Z?erolg]eg) = 9((ti, t2),9) =
> icolg2j +t)ea; + 320 (92541 + t2)eajia

where {e;}icqo..2n—1} is the standard euclidean basis on R**2, i.e. dg;(ey) = dji.

Clearly ¢ is proper and transitive. The infinitesimal generators corresponding
to the canonical basis in g are

f%— |0¢ t1t,0), 262]751
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P

d
575\24 = E|0¢((0’ t2t)>p) = Z€2j+1t2

j=0
as the exponential map g — G is the identity map on R x R. Now let us make
use of the following symplectic form € on R?*2 namely:

1/
= —3 < ; dgor 1 A (dgor — dgory2)

1
+(dgap-1 —dg-1) Adgo + a(dQprl —dg_1) A (dgap — dgo))
Define J(&,) : M — R by

. 1 1 A 1 1
J(&,) = t1§(g2p71 —g-1) = §m(2)t1 J(&,) = t2§(92p —go) = §m(1)t2-

Hence
N 1 A 1
dJ(&,) = 5(d92p—1 —dg-1)t dJ(&,) = §(dg2p — dgo)ta.

Now

1 .
A&, = ti5dgap —dg) = dJ (&)
p—1

1 1
Q) = —t2§ Z dgor — dgogy2 = tzi(dggp —dgo)
k=0

= dj(£t2 ) .

So JA(&Z) defines the momentum mapping J : R#?*2 — g* =R x R

1 1
J = 5m<2>dt1 + 5m<1>d752

where dt; denotes the dual basis in g*. J is trivially Ad*-equivariant and the
isotropy group G, ) = G, for arbitrary p, u € R i.e. we find for p, fixed that

(&) (@((t1,t2),0) = p
(§)(P((t1,t2),p0) = p.

Hence the reduced phase space

P, = Jﬁl((p> N))/g(p,u)

is the submanifold of R?*2, which is coordinatized by the difference variables py,
which are invariant under the action of G and for which the functions J(&,) =
const.

<~ <
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2.2 Discrete space time and time evolution

Space time is usually understoood as being a certain manifold which is supplied
with a causal structure. The causal structure is provided by a metric distin-
guishing time, null- and spacelike distances together with the principle of local
causality, which is that two events (points) in a convex neighbourhood U are
causally related if there exists in U a nonspacelike curve connecting them. If one
introduces matter fields then further conditions on the metric will be necessary.
For the moment we will be concerned with vacuum solutions, i.e. no matter field
solutions. Hence sofar we only have to implement the above principle of causality
into a notion of a discrete space time.

In our (not necessarily compact) discrete space time, causality will be imple-
mented by considering "nonspacelike curves” (directed paths), where two events
(sitting on vertices) are causally related, if there exists a path between them.

Definition 2.2.1 A directed graph is a tupel G = (V, E) of a set V' (vertices)
and ordered pairs E =V x 'V (edges) .

Define for a pair (vi,v2) € E , s(e) := vy (source), t(e) := vy (target).

A path in a directed graph G = (V, E) is a (not necessarily finite) sequence
v=1(...ep,€1,65...) of edges e; € E, such that t(e;) = s(e;+1), i € N. Denote the
set of all paths with T

An undirected path in a directed graph G = (V, E) is a (not necessarily fi-
nite) sequence v = (...ep,€1,€s...) of undirected edges, i.e. unordered pairs
e = {v1,v2} such that if e; = {v;, v;i11} € unordered(E) then (v; € ;-1 A viy1 €
eir1) V (vip1 € €;_1 A v; € €;11). Denote the set of all undirected paths with UT.
A cycle is a finite path (e, ...,en) such that eg = ey.

Two paths 71,72 € I' cut themselves once iff

NNy eTCAH#{e € Ele € 1 Nyt < 0.

Analogously we define a cut also between undirected and undirected with directed
paths.

Lemma 2.2.2 [f there are no nontrivial cycles , then the relation R given by
eitRey & 3 ~v el withy = (e1...e)
defines a half-ordering on E .

Proof: Reflexivity and transitivity holds trivially, antisymmetry (aRb A
bRa = a = b) is fulfilled since there are no nontrivial cycles.

Denote R with <.

Definition 2.2.3 A discrete spacetime S is a directed graph G = (V, E) with
the below properties.
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a.)  There are no nontrivial cycles
b.)  For allv € V the number of incoming edges and outgoing edges is finite.

c.) Let Past(e) = {é € M|é < e}, Future(e) = {¢ € Ml|e > e} then
#Past(e) N Future(é) = #{é € M|e <é <e} <0

The spacetime we are going to consider will be twodimensional so the following
definitions will become important.

Definition 2.2.4 Letv4 € UT be an undirected path. v4 € UT is called acausal
iff

dno pathy € T which cutsya more than once.

Denote the set of all acausal paths with A(T).
A Cauchy path C € A(T') is an acausal undirected path for which the following
holds Ve € E':

eUCe A(l') = ecC

The set of all Cauchy paths will be denoted with T'c.

Definition 2.2.5 A Cauchy path C, is later than a Cauchy path Cy, , C, # Cy if
for all paths ~
YN Cy > NG (2.2.3)

Note that the existence of a Cauchy path is a rather strong requirement.

We are now in the position to define an evolution for field variables.

Depending on the considered models, let ¢° be a function on primitives a; like
edges or vertices along a Cauchy path C. Let n = #{a;|a; along C}, up to now n
might be still infinite. We write shortly ¢¢ : C — R" or ¢¢ € F(C,R") instead of
¢¢ : Primitives(C) — R"™. Denote ¢¢: = ¢°(a;) where a; denotes the corresponding
primitive.

Definition 2.2.6 A time evolution is a bijective map Te,c, : F(C1,R)" —
f(CQ,R)n.'
g 6"

TCQ,Cl : ' — ' (224)

Ci Co
anl qn,1

where Cy is later than Cy.

----- Co- = TCN,CNA .- 'TC2701TC1,C0'

A time evolution is unique or flat iff Te, ¢y = Teyon s ---Lesci e, @5 well
defined for allm € N | i.e. independent of the "path” Cy, ..., Cy.
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The sequence ¢ = (¢5° ... ¢ 1, 5" ... ¢¢ 4, ... ,qu . .qgﬁl) will be called a solu-
tion to the time evolution T¢, ¢, for the initial values ¢§ = (¢5° ... ¢5",) Hence
the set of all solutions {q}cy .. c, to (2.2.4), which will be called covariant phase
space M is isomorphic to the set of all initial values {¢“}. Furthermore the
variables ¢ can (while abusing notation) be viewed as local coordinates on M
via

¢°(q) =g €®; geM; i€{0,...,n—1}

The set of all coordinates on M will be denoted as C'oord(M).

Since our evolution is invertible we could have however parametrized the so-
lution ¢ € M by taking variables ¢%, j # 0 on a e.g. later Cauchy path C; as
coordinates on phase space. The invertible transformation 7¢, ¢, : (C*(M)) —
(C*(M)) between any of these coordinates is then given by

4o g%
oo | = |@=Tee | = |- (2.2.5)
qgk—l qgk_1

We assume from now on that n < co and demand that T¢, ¢, is C*° and canoni-
cally supply M with a C*-structure via the above construction. For further use
we remark that T¢, ¢, induces an evolution on the torus by:

iqCo iTc..c, q%0
Re, ¢, e’ i=e" it

. C T Co
chyckelq Y= "¢k (2.2.6)

We note that if our phase space M carries a symplectic structure w, then T¢, ¢, =

¢% o (¢°)~! is automatically a symplectic transformation, i.e.

((qcﬂ' oido (qck)*l)*quw = qf’“w.

in other words T¢, ¢, is nothing else then the local representative of the identity
map on M. Reversing the construction one can define a meaningful symplectic
structure on M by finding a nondegenerate twoform, written in local coordinates
¢“* and then showing its independence under the transformation Te, c,- This
kind of construction will be used in later sections. Let us now define a bijection
S’Ck : Cy — Cj on the defining primitives of a Cauchypath Cr. Pointwise we can
define a map S¢, : R" — R" by

Sei (¢ (a:)) = ¢ (Se, (a:) (2.2.7)

where ¢ as above. Assume Sc, is a diffeomorphism. Such a map will lift in
general to a nontrivial diffeomorphism Scki = (¢°*)~! 0 Sc, o ¢“* on phase space.
This diffeomorphism gck on phase space might nevertheless still symplectic, and
so the corresponding newly obtained functions ¢ := S¢, 0 ¢°* could equally well
serve as symplectic coordinates on phase space.
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Definition 2.2.7 Let Sck : C, — Ci be a bijection on Ci, ¢ as above. Such a
bijection Sck 15 called liftable to a diffeomorphism Sck on M iff there exists a
diffeomorphism Se, : R" — R" for which equation (2.2.7) holds. Define Sp, =
(¢°)~1 o Se, o ¢k, Sck 1s called symplectic liftable if gck 1s symplectic.

We will turn our attention on models of right this type.
The space time lattice we consider will be from now on the Minkowski space time
lattice depictured below, the considered evolutions will always be unique.

t '

L’ ‘H
A canonical Cauchy C; path will be the socalled Cauchy zig zag, as depictured in
the figure above. The initial values along such a zig zag will obey some boundary
conditions such as being periodic or quasiperiodic. Hence our phase space will

be finite dimensional and can be supplied with a C'* structure in the above way.
A bijection on such a Cauchy zig zag will be e.g. a shift S

S(CLZ) = Aj+1-

Clearly Sck is liftable to a diffeomorphism S'Ck on M. We now want to choose
such a symplectic form on phase space, such that the diffeomorphism S on phase
space will be a symplectic transformation. A symplectic form which is invariant
under these transformations is henceforth called translational invariant symplec-
tic form.

2.3 Dynamics of Hirota type

Let us investigate a class of integrable lattice systems (see e.g. [9, 43, 48, 49, 53])
defined by an evolution equation of the following type:

9u—9a— V(g —9-) =0, (2.3.8)

where u, d, [ and r denote up, down, left and right, respectively and V'(x) is the
derivative of V(z) : R — R. If we start with initial data on a Cauchy zig zag C,
on a light cone lattice (see figure below) the local evolution given by (2.3.8) will
determine the function g on a Cauchy path C;; and finally on the whole lattice.
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The map from the data on the Cauchy path C; to the data on the Cauchy
path Ct+12

b 9%
T: ’ — ’ (2.3.9)
9;—1 gfzt11

is of the form (2.2.4) and so we will apply the in the previous section developped
techniques.

Since the variables g;; are labeled by their position on the vertices of the above
space time lattice they will be briefly called ”vertex variables”. Correspondingly
we will refer to the algebra generated by vertex variables along a Cauchy path
as the "vertex algebra” . Equation (2.3.8) will be called of Hirotatype since one
obtains the well known Hirota equation [29], which is equivalent to (2.3.8) for
Vi(x) =—i ln(ﬁ‘;—eif) if one redefines © — —u along every second diagonal of the
light cone lattice (see also [20, 22]). The difference of two adjacent values of g,
i.e. Pri = Grr—1 — Grrt1 (see fig.1) for the potential above describes (modulo a
redefinition along the diagonals [6]) the angle between the tangent directions of
a discrete K-surface in the Tchebycheff parametrization [7]. Since the difference
variables p; ; are functions of vertex variables which are adjacent in space they
will also be called face variables.

9t.k— V gt k+1

A (spatially) periodic light cone lattice Lo, with period 2p may be viewed as
L/z, where Z acts on the infinite light cone lattice L by shifts by 2p in space-like
direction (cf. fig. 1). A quasi-periodic field is a mapping

g:L—R
with
Grit2p — Jti = Gri+2p+2 — Grite Vi,
i.e., there are two (space independent) monodromies mil), mgg) defined by
my) = Gt,2p+2k+1—i — Gt,2k+1—i (2.3.10)

for an arbitrary k € Z.
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We denote by P the set of faces on a fundamental domain of the lattice (cf. fig.
1). On the set of quasi-periodic fields we define the following action:

S = > {9a(P)g(P) = g.(P)) + V(a(P) — g,(P))}

PeP
1 I 1) @ 2 I 1) @
+ Z{ggt+1,gp_1m§t’ - ngﬁmg,QH + gaom | + nggmgg_l} (2.3.11)
t
p—1
- _ 2
= Z Z QQt,Qk(g2t+1,2k71 92t+1,2k+1) + g2t,0(92t+1,2p71 Moyt 92t+1,1)
t k=1
1
o zpamy’ — gmy)mid (2.3.12)
p—2
+ Z G2t—1,26+1(92t.2k — Got26+2) + G2t—1,2p—1(g2t,2p—2 — Gor0 — mé?)
k=0
1
2 1) (2
+92t,0mét)—1 + imét)mgt)—l
p—1 p—2
+ Z V(92t41,26—1 — G2t+1,2641) + Z V(92126 — Got,26+2)
k=1 k=0

+V(92t+1,2p71 - mgl—l - 92t+1,1) + V(g2t,2p72 — G210 — mé?)}

This action differs from the action in [10], which is only defined on periodic fields,
by the addition of the extra terms in the second line of equation (2.3.11). Those
extra terms guarantee that the action is invariant under a space-like shift, and
hence is independent of the choice of the fundamental domain. Note, that the
monodromies entering the action may a priori be time dependent: They become
dynamical variables rather than pure parameters, and their time independency
will be a consequence of the equations of motion.
L (2
{(gt,k)tez,ke{—l,...p—l},k—t even} and {(gt,k)tez,ke{o,...p—1},k;—t even, My am2t+1} form

independent coordinate systems on the set of quasi-periodic fields. Whereas the
former is particularly useful for the derivation of the symplectic structure in the
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next section, the equations of motion may be most easily derived using the latter
coordinate system.

Variation with respect to gix, (t € Z,k € 0,...2p — 1), yields (exactly as in
[10]) the difference of the evolution equations (2.3.8) for the neighbouring faces
to the left and to the right of g, x:

gix at even times:
/
92t+1,2k—1 — G2t—1.2k—1 — 92t+1,2k+1 T 92t—12k+1 — V (QQt,2k72 - gzt,zk)
/
+ V'(gator — got2642) = 0,

grr at odd times:

92t.2k — 92t—2.2k — 92t,2k+2 + G2t—2,2k+2 - V'(QQt 1,2k—1 — G2¢t—1 2k;+1)
+ V(9212641 — G211 2k;+3) =0
(2.3.13)
Variation with respect to the monodromies mﬁ”, 1= 1,2 yields:
1 2 2
92t+1.2p—1 — G2t—1,2p—1 — V/(g2t,2p—2 — G210 — m(zt)) = % ét)ﬂ - %m(2t)—1
2 1 1

g2t+2,0 — 92t,0 — V/(92t+1,2p—1 - métzﬂ - 92t+1,1) = % ét) - % ét21—2'

(2.3.14)

Now, as we may write the monodromy as the sum of differences of field variables:

p
my = E (Gt2k+1—i — Gt,2k—1—i)
k=1

equations (2.3.13) are sufficient to enforce the time independence of the mon-
odromies. Hence, the right hand sides of equations (2.3.14) vanish. We get the
evolution equations (2.3.8) for the faces “above” go_1,2,—1 and go o for all ¢, and
thus finally for all faces.

2.3.1 Symplectic Structure on (vertex) covariant phase
space

Using straightforward modifications of covariant phase space techniques [58, 13],
we first show how one can derive a symplectic structure from any action on a
light cone lattice which may be written as the sum of terms whith support on
the “canonical Cauchy paths” Cie (cf. fig. 2). This symplectic structure will
automatically be invariant under evolution.
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Figure 2

There is in general no canonical way of identifying C! with Ct. Therefore, our
ansatz for the action is:

S = Z(Ll(xt, y') + Lz(ytaxtﬂ))

with two different functions L; and L,. Here, x' are the variables on the lower
vertices of C!, and y* the variables on the upper vertices of C! (or, equivalently,
the lower vertices of CY).
Variation of the action with respect to x' and y' yields the equations of
motion:
Bt = DiLi(x',y") + DoLy(y"',x!) =0
BY = DyLi(x,y") + DiLy(y’,x*) =0,

where D; 5 denote the derivatives with respect to the first and second argument,
respectively.

We may consider L;(x',y") as a functional on covariant phase space, i.e., the
space of all solutions to the equations of motion, or equivalently, the space of
initial conditions on Cauchy paths. Denoting by d the exterior derivative on this
space, we get:

dL,(x',y") = —dL,(y" ' x')+ Bldx'+ Bidy'*
— Do Ly (x"71 y"Hdy"™ + DoLy (X yhdy'  (2.3.15)

On the space of solutions, B, vanish. Hence:
0=d’L(x',y") = d<D2L1(Xt, yt)dyt> - d<D2L1(Xt_1, yt_l)dyt_l)

Thus, w := —%d(Dng(xt,yt)dyt> defines a presymplectic structure (i.e., a
closed, possibly degenerate two-form on phase space) which is invariant under

the evolution. This presymplectic structure will be symplectic if there is no

gauge symmetry [2]. Similarly, we may define another symplectic structure using
L.
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If, as in the applications we have in mind, the functions L; are invariant
under translations in space directions, it makes sense to compare L; and Lg, by
identifying C! with C! by half-shift in light-cone direction either to the right or
to the left: Due to the translation invariance, both identifications yield the same
result.

For the action (2.3.11) we may choose L1 = Ly =: L with

p—1
1
L(v,w)= Z 'Uk(wk—wkﬂ)+V(wk—wk+1)+wo(vp,1—U,1)+§ (Vp—1—v_1)(wp—wo)
k=0

and the identifications

Uk = §2t—1,2k+1, Wy = Got,2k
for Ly, and
Uk = g2t,2k, W = G2t+1,2k—1

for Ls.
Thus, we get a translation invariant symplectic structure

w=

1 /%=
_5 < Z dg2t71,2k’+1 /\ (det,Qk — dg2t,2k‘+2)
k=0

1
+(dgat—1,2p—1 — dgar—1,-1) Adgaro + é(dg2tfl,2p71 —dgy—1,-1) A (dgar2p — det,O))

1,222
3 < Z dgoi—126+1 N (dgator —dgorok+2) + dgar—1.2p—1 A (dgar2p—2 — dgaro — dm(211t))
k=0

1
+dmfLy A dga + 5dmi, A dmy))
for C!, and similarly for C.. The corresponding Poisson structure exactly coincides
with the one given in [22]:
if 1 — k even
ifi —kodd, i<k, |i—Ek|l<2p,
if i — k odd, (2.3.16)

if 1 — k even

{gt,ia gt,k}

{gf,ia gt,k} =
k

{gf,ia mg )}

k
{gi’lii mﬁ(;)} _
{mt >mt” }

SN O = O

The poisson relations between the difference or face variables is given by the
definition py = g1 k-1 — grr+1 and by (2.3.16):

{pejiprj} = 2 (2.3.17)
{pijspjs1rkt = 0 for je{l...2p—3} (2.3.18)
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We note that for even period p and an even potential V(z) = V(—=x) all these
results may be easily transformed to the sign convention in the usual Hirota
equation by a transformation replacing u by —u on each second diagonal, either on
even or odd diagonals in a fixed direction. If we denote the former tranformation
by T, the latter by T, space-like shifts by o and a global change of sign by I,
then we have: T} = I oT,, Th =0 'oTyo0. As Lol = L for even potential
V', the new Lagrangian is L=LoT,=LoT,, and it is again invariant under
translations:

I/OO':LOTloO':LOO-OTQ:LOTQZI/,

where we have used the translation invariance of the original Lagrangian L.

Note that the notion of quasiperiodicity is somewhat modified by this pre-
scription: We no longer have g, 2,1; — g+; = const but g 2p+i — g1 = (—1)[%}007131%.
In this case, however, this is the natural generalization of quasiperiodicity, as this
definition is compatible with the evolution equation, whereas the naive definition
(not including the sign) is not.

2.3.2 Marsden-Weinstein reduction

The process of going over from the variables g;  to the difference variables p, ;:=
Gtk—1 — Grr+1 may be interpreted as a Marsden Weinstein reduction (see [45, 26]
and previous section): If we identify the covariant phase space with the space
M of quasi-periodic initial conditions on a Cauchy path C!, then an action of
G =R X R on M is defined by:

(a, B) - gar2n L= ot ok T
: : 2.3.19
(a, B) - Garr12641 = Gous12k+1 + 5 ( )

for arbitrary k € Z. Following example 2.1.1, there exists a momentum map
J M — G* =R @R to this action,whose components are simply

1 1
\7(1’0) — §m§2)’ ‘-7(071) — amgl)

This momentum map is trivially Ad*-equivariant, as the group is abelian and
mgl), m§2) Poisson-commute. Hence, for arbitrary p, p € R, we may consider the

Marsden-Weinstein reduced phase-space

My =T ' ((p, 1)/ (R X R)

which is a symplectic manifold again: It is just “the space of the difference
variables x for fixed monodromy”.
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2.4 Dynamics of edge-Hirota type

2.4.1 Definition of edge algebra

We want to define functions wyg, x; on the (vertex) covariant phase space intro-
duced in section 2.3, which was parametrized by the vertex coordinates
{(gt,k)tezﬁe{_1,“_p_1}7;€_t even - Let us abreviate the notation of the vertex coor-
dinates along a Cauchy path to {(gr)iczkef-1,.2p} }

Define

hi == g — cr—1,

where ¢, shall be arbitrary functions on phase space with translational invariant
monodromies M= Copiokt1—i — Cokt1—i-
Define

Wg = gk — Gk—1 T Ck — Ck—1 Tk = Gkt Gk—1— Ck — Ck—1
2.4.20
= hp—hg_1 401 = hyp+hg1 — ok ( )

for k € Z where ¢, shall be arbitrary functions on phase space with translational
invariant monodromies m!: = copiok+1—i — Cok+i—i; Ok = Cit1 — Cp—1 and

hk =gk — Ck—1- (2421)

Note that o192, = 0.

The monodromies of the vertex algebra {(gi)re{-1,.2p1} of section 2.3 were de-
fined as goptokt1—i = Gokt1-i + m; (see also 2.3.10). Hence also the variables
{(hi)keg-1,.2p} } form a (vertex) quasiperiodic phase space, where;

1

mﬁl: = mz — mf:_
The same construction applies to the variables {(wk)kefo,.2p}: (Tk)keqo,..2p1 }- We

get even and odd translational invariant monodromies:

— i i—1 ., i+1
Woptokt1—i — Wopy1—i = my —my  =: (—=1)""m,, (2.4.22)
1 2 .
Top+2k+1—i — L2k+1—i = My, + my =My (2423)

with  m,, = m,l1 — m,%, and 7 = 1,2. Since wy, and x are functions whose values
depend on the values of adjacent vertex variables g, gx_1 , they will be from
now on called edge variables. The algebra generated by the 4p + 2 functions
{(wi)keqo,...2p}» (Tk)kego,..2p1 } (dependent on the choice of the variables ¢;) will
correspondingly be called edge algebra.
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gk

ak a=2,w
Jk—1 Jk+1

Note that the previously introduced face variables p;; look in terms of the
edgevariables as

1
Dk = Gk—1 — k41 = _é(wk + Wiyt + Tpr1 — Tk) (2.4.24)

Clearly the functions {(wk)ke{o,.2p}: (Tk)kefo,..2p1}, as defined in (2.4.20)aren’t
independent, in particular:

1 1
hy = §(xk + wk) = i(xk_,_l - wk—i—l) + Cky1 — Ck—1 (2‘4'25)

Nevertheless, since 0g,41 = o and since the monodromies cancel the constraints

defined by
Pk = T + Wi + Wy — Tpg1 — 241 + 201 =0 (2.4.26)

are periodic in k, i.e. popyr = pp.
We understand from the above construction that if the 2p variables o, would
be constants on phase space then the 2p + 2 dimensional covariant phase space
parametrized by the 2p + 2 coordinates {gk}ke{ongp,l} of section 2.3 could be
equally be parametrized by 4p + 2 coordinates {(w)kefo,..2p}: (Tk)refo,..2p1 } T€-
stricted to the linear subspace given by the 2p linear independent constraints
po=0,...pyp1=0.

If furthermore in this case the commutation relations of {g }rego..2p—1} With
¢o and ¢; (as functions in the coordinates g;) are given one finds immediately the
poisson relations between the new coordinates {(wg)refo,..2p}5 (Tk)kefo,...2p} }-

2.4.2 Poisson bracket relations on the free edge algebra

In appendix (5.1) we derive a description of phase space in terms of the " free” edge
algebra, i.e the algebra generated by the functions {(wk)re(o,.20}> (Tk)keqo,..2p} }
or rather {(ux)reqo,..2p}, (Vk)kefo,..2p} } Where

! S (2.4.27)

on R**2 which determine the periodic ultralocal face variables {(pk)ke{oy__gp_l}}
via ppi= —%(wk + Wgs1 — Tk + Tp41) but which are not restricted to be constant
along any constraint.
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The 4p + 2 variables {(Uk;)ke{o,...zp}, (Uk;)ke{o,...zp}} {(Uk;)ke{o,...zp}, (Uk;)ke{o,...zp}}
or will also be called free edge variables. The algebra generated by { (ux)reqo,...2p}
(Vk)keqo,..2py + Will consequently be called free edge algebra.

The commutation relations of the ultralocal periodic face variables { (px)reqo,...2p-1} }

pr = —(Up + Upg1 — Vg + V1) Tead:

{px,pe1} = 8a
{Pk, Prs145F = 0O for je{1..2p—3} (2.4.28)
P = DP2op+k
Based on certain ultralocality conditions (see 5.1.5-5.1.10) and the above pregiven

poisson relations on the face algebra we derive in (5.1) a two parameter family
of possible poisson relations between the generators of the free edge algebra:

{tp, upsor} = —2a—b+c le{l.p—1}
{Un,Uptrom-1} = 2a+b—c m € {1..p}

{Vn, Vnik} = 2a—b—c ke{l.2p—1}

{tn, vy} = 0  jezZ—{0} mod2n

{tp,v,} = —2a—c nez (2.4.29)
{up,my} = (=1)""(4a + 2b — 2¢)

{tn,m,} = 0

{vp,my} = 0

{vp,my} = 4a —2b—2ec.
The commutation relation with the functions o = uy + ug1 + v — Vpy1 are:

{un,0,} = b—2c
{upy1,0n} = —b+2c

{Up,0n} = b+2c (2.4.30)
{vns1,0n} = b+ 2c
{tnir,0,} = 0 foa. ke{2...2p—1}

We see immediately that we obtain the standard poisson bracket on R¥*2 /712 j e,
{vg, u;} = 4ady; mod2p {vg,v;} =0 {u;,ux} =0. (2.4.31)

if we set b =0, ¢ = 2a.

We also see immediately that the constraint functions oy lie only in the center of
the edge algebra iff b = 0, c = 0 in this case we precisely induce the poisson rela-
tions (2.3.16) between the vertex variables {(gr)re{—1,..2p}} via definition (2.4.25)
if ¢, = const,i.e

1
G = 5(’“ + W) + Cp_1 ¢, = const. (2.4.32)
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2.4.3 Ultralocal poisson structure and gauge action

By definition 2.1.3 any function p on phase space M gives rise to a hamiltonian

vector field £, on M:
Ip
l_ Im
(gp) - ; 77 aqm7

where 7 is the two tensor which defines the poisson bracket on M. ¢, is the
generator of an infinitesimal transformation ¢, : (—¢€,€) : M —M :

Pola, p) := expa)lp,

where exp denotes here the usual exponential map exp: U C T,M — V C M.
Now let F' € C*°(M) be a smooth function on M, we find

oF

d
%|0F(¢p(0‘>p)) = i a—qid%‘(gp”p = {F> 10}|p'

In our example where M = R**2 and the poisson bracket is the above ultralocal
poisson bracket (2.4.31) the flow induced by the hamiltonian vectorfields &,,

4p+1

do
dql(§0k> =4a Z Jlmaq—:;
m=0

where
¢ = u; for 1€0,2...2p
q; = Ui—(2p+1) for i€ 2]9 +1.. 4]9 +1
and
10 01
0 I . 0 1 0
J = ( I o0 > with [ = 0 0 (2.4.33)
1 0 1
is easily found by (for simplicity a = —i); Op = Up + Upy1 + Vg — Vi
d
Eun+2pj(¢0k (akap)) = {un+2pj7 Ok}|17 = 5nak - 571—1=k = const. € R
d
wvnﬁm(%k(ak,p)) = {ns2pj, 0tlp = —0np — Gp—1, = const. €R
k
jJE€Z, ke€Zmod2p nei{ld...2p—1}
Define

unJr?pj(O‘) (p) = un+2pj(p> + oy — (2.4.34)
Unt2pi (@) (D) 7= Vni2pj(p) — tn — 1. (2.4.35)
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Hence we found that the constraint functions o; induce an action of the commu-
tative group G = R? on phase space R* "2 (supplied with the above ultralocal
poisson structure):

o GXM-—-M
(g = (0407 .. -27 C@p*l)ap = Zjigzp]fj) =
P(g,p) = jio uj(a)(p)ej + Zji;p+1 vj—gp1(a)(p)e;

where agpyr:= ag.
The 2p infinitesimal generators of the action ¢, which are

0
fok = @ ((0407 ce ey 042p—1),p) = €k — €k+1 — Ck41+2p — Ck42+2p
§op = €0 — €1+ €y — eyl — Epta — Capyo kefl,....2p — 1}

are the hamiltonian vectorfields of the functions og, k € {0,...,2p — 1}, hence
we can define a momentum mapping J : M — g* by

2p—1

J = Z ojday;.

=0
J is not equivariant since Ad;_,J(£) = J(&) but

J(&)(04(p)) = J(&)(p) + i1 — .
The map s: G — g*:

2p—1

(O{l, ey Oégpfl) — Z(%’H — Oéjfl)dOéj

J=0

is called a coadjoint cocycle associated to J.

Since G is commutative the appearance of the above cocycle results from the
fact that the constraint functions o;, do not commute with each other and hence
the constraint function o; is not invariant under the flow which is induced by the
hamiltonian vectorfield &,, , k # J.

Let us search for other functions on phase space which are possibly invariant
under the flow of ¢. We find that the 2p dimensional linear subspace spanned by
the hamiltonian vector fields &,, is given by the following 2p + 2 level sets:

pri= — (U + Ugt1 — Vg + Ugy1) = const (2.4.36)

and

p—1 p—1
1 2
E Dok + M, = m,, —m, = const E Pokt1 +ms = —(my, +m,) = const.
0

' (2.4.37)
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In other words the functions (pi)keqo..2p—1}, Mu — My and m,, +m,, are invariant
under the flow ¢ and their gradients are linearily independent.

The monodromies m, and m,, of (2.4.23) are trivially invariant under the flow
of ¢ since they poisson commute with all coordinates {(ux)rego,...2p} (Vi) keo,...2} }
(2.4.31) i.e. they are in the null space of J (2.4.33). Let us set them without
losing generality to be equal to zero

m! = 0.
(The argumentation works analogously if we introduce another constant mon-
odromy). We reduce our phase space to the 4p dimensional phase space parametrized
by the periodic coordinates:

Ujtop = Uy

Vit2p = Yj

Now the poisson structure isn’t anymore degenerate, since we eliminated the null
space of J, i.e. we restrict ourselves to a 4p dimensional torus.
Let us consider the L-matrices of chapter 1.3:

i Atw —iv
erin e S
Ln()\ + CU) = ( e)\:I:weiUn e—iun >

If the entries w,, v, in L,(A £ w) are identified with our previously introduced
edge variables on 4p dimensional phase space then we can lift the action ¢:

R x M — M
2p—1 2p—1
(a=(g...0p-1),q= Z gjej + Z Girapej) — qla)
=0 =0
2p—1
=0
2p—1
+ Z(%’Hp —aj — aj1)e]
=0

to an gauge action on the L-matrices, namely

tun (a) _ A tw —ivn(a)
LA +w) = ( < ©.° >

e tw pivn (o) e~ un (o)
eian O eiun _eAiwefivn efian_l 0
- 0 e~ an eAiw eivn efiun 0 en—1
NS -~ >
An_1 (a)

= Au(@)Ly(A £ w) Ay ()
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Note that the matrix
M:= AgpszLgpfl . LIAO (2438)

carries the gauge information only in its off diagonals, since a9, = ap. M will be
called monodromy matrix. The meaning of the face variables p; and the variables
or (which as will be shown later also ”live”) on faces of the space-time lattice)
becomes now apparent. The variables py (as functions in the (free) edge variables)
are invariant under any gauge transformation in the space of L-matrices. They
play the role of what would in physics be called observables. The variables o, on
the other hand exactly reflect the relative gauge freedom which is left after fixing
"initial” gauges oy and ay:

op(ar) = 0x(0) + 241 — 2041

Moreover in the above ultralocal poisson structure the functions oy generate all
gauge transformations in the space of L-matrices.

Since the diagonals of the monodromy matrix are gauge invariant, they will
be expressable by the 2p + 2 gauge invariant variables (p;)icfo...2py and m,, £ my,
(cf. (2.4.36,2.4.37)).

If we switch now to a poisson structure, where the variables o, are constant
(i.e. the poisson structure given by (2.4.29) for b = 0, ¢ = 0) then this means that
we fix the relative gauges. The variables ¢, are not fully representable in terms
of the edge algebra, since ¢y and ¢; are a priori undeterminable.

2k 2k

Co. = E Uj — E (—1)j1)j + Co
j=1 j=1
2k+1 2k+1

Cok+1 = Z Uj + Z(—l)jvj +
=2 j=2

co and c¢; shall be viewed as carrying the rest of the gauge freedom. In particular
they might be even not expressable in terms of functions on phase space. That
means if we choose ¢y and ¢; to be constant then we restrict ourselves to a special
class of gauge fixings.

In the following section we would like to investigate this point a little further.

2.4.4 Introducing a larger phase space

If we fix 4p + 2 edge variables {(ux)kefo,.2p} (Vk)kefo,..2p1 } along a Cauchy path
then this determines a set of initial L-matrices. The zerocurvature condition
(1.3.27)doesn’t define an evolution for the edge variables uy, vy because of the
gauge freedom. So the u; and v, are in this sense no coordinates on a phase
space of solutions, but rather coordinates on a "pseudo” phase space, which has
yet to be reduced to physical phase space.
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But let us first extend the above pseudo phase space endowed with the coor-
dinates {(ur)re{o,..2p}» (Vk)kefo,..2p} }- We imagine the coordinates uy, vy as being
difference variables between 4p+4 vertex variables {(I}!)ke(-1,..2p}, ([} kef—1,..2p} } -
which live on an extend space PM i.e.:

up = U =1l
v = L+,
We define an action ¢ of the group G = R*** on PM by the following: Let p €

PM, p=3"22 leel + 37 1Pl where e, e} form the standard orthonormal
basis on R*** then

2p

2p
P(ar...ap, Bo1...Bap),p) = Z (I + o )ey + Z (k — Br)ex

i=—1 i=—1

The action of the subgroup Go C G, where
Goi=(a...a,0...0)U(0...0,8,=5,8,—0...05)

leaves the functions uy, vy, invariant. The action of Go on PM is a consequence
of the integration process, as will get clear in (2.4.39).
The action of the subgroup G C G defined by

QG = (O[_l e Qop, 1 .. Oégp)

induces the gauge actions (2.4.34) in the space of L-matrices.
Clearly Go N G = {0}.
Let us define
g 1= L+l = =gt o)
o = =1 = 35(g — cx).
The functions g (as functions in the coordinates on PM) are invariant under
the action of G, whereas:

ce(P((acy . cag. . aop,a .. ... q9),p)) = ck(p) + 204

The functions g and ¢ transform under an action of G¢ as:

ge(@((e. .., 8,=0...0).p) = ge(p)+ (a+(=1)"F)
cr(o(a...a,B,=0...0),p)) = alp)+(a—(=1)"B)
We find that the action (2.4.39) corresponds to the action induced by the mon-
odromies in (2.3.19).

By the above it becomes clear that a gauge fixing in the space of L-matrices is
defined by 2p + 2 independent constraints

fi{gr}) —¢; = 0.
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So we find that the gauge fixing in [7] corresponds to the case

7

Ck:gk_§

whereas in [30] to the case cx_1 = gg. In the turn we had already considered a
fixing, which is given by
¢, = const.

2.4.5 Evolution within the edge algebra

Let us investigate the dynamical structure of our just introduced system. This
means, we investigate the consequences of the definitions:
Let t,k € Z,

for k—t even:

Wik = Gtk — Jt—1k—1 T Ctk — Ct—1 k-1 Tik = Gtk T Gt—1,k—1 — Ctk — Ct—1,k—1
for k—t odd:
Wk = Gt—1,k — Jth—1 + Ct—1,k — Ct k-1 Tik = Gt-1,k T Gtk—1 — Ct—1,k — Ct.k—1
(2.4.39)
92t41,2k+1

92t—1,2k+1

together with the evolution for the gauge invariant part of the above pseudo phase
space:
Ot+2.k — Gtk = V/(gtJrl,kfl - gt+1,k+1)
which was already defined in (2.3.8).
Definition (2.4.39) gives immediately (for k —t even, t,k € Z):

1

Gtk = §(xtk: + W) + 1kt (2.4.40)
1

= 5(9€t+1,k+1 — Wit k1) + Cot ks (2.4.41)
1

Gtk = é(fft-i-l,k; + w1 k) + Ci41,k—1 (2.4.42)
1

= S(@Tehy1 — Wekr1) + Gk (2.4.43)

2
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From where we can read off the constraints
Prk:= Tt + W — T 1 + W1 — 2041 =0 t,kez k—t even

(where 041 := ¢t—1 41 — C—14-1, Kk —t even) which were introduced in the
previous section as constraints along the Cauchypath C;. Equations (2.4.41)
and (2.4.43) have to be interpreted as additional evolution equations since they
connect coordinates along Cauchy paths at different times.

From (2.4.41) and (2.4.43) we obtain immediately (for k — ¢ even):

Dtk = Gt+1k—1 — Gt+1,k+1 (2.4.44)
1
= §($t+2,k = Tp42,k+1 — Wei2k — wt+2,k+1) (2~4-45)
1
= 5( 1k — Tepl k1 — Wegl ke — Wegl kr1) (2.4.46)
and
Ot+1k = Ciy1k+1 — Ceylk—1 (2.4.47)
1
= 5( 42,k — Tig2,k41 T Wigak + Wer2 k1) (2.4.48)
1
= §($t+1,k — L1t 1 T Wit o + Wit o41) (2.4.49)

which shows that not only the previously defined variables p,; but also the vari-
ables o} "live” on the faces of our space time, which in the turn justifies their
definition as conjugate face variables:

92t+1,2k+1

g2t,2k g2t 2k+2

92t—1,2k+1

Equations (2.4.46,2.4.49) give finally the following evolution equations for k — ¢
even:

Tip1k — Te41k+1 = Te42k — Te42k+1 (2‘4-50)

Witk + Wep1 k1 = Wik + Wigo kg1 (2.4.51)

In addition we have an evolution equation for the vertex variables, which we still
have to reformulate in terms of the edge variables {(wx)reo,...2p}: (Tk)refo,..2p} } :

Ji+2,k — Gtk = V/(gt—i-l,k;—l — Gt+1h+1) (2.4.52)
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For that purpose let us consider the following identities:

1
Gt+2.k — Gtk = §($t+2,k + wypok) — §($t+1,k + Wyt k)
(2.4.41) 1
= 5(2xt+2,k — Ti41,k—1 — Wi1,k—1 — Te41,k — thrl,k) + Ciiok — Cri—2

pt, k=0
= Tirok — Tir1k + Ciaok — Crk

Analogously we collect by using (2.4.50,2.4.51) the following identities:

Gitok — Gtk = Tirok+1 — Tep1k+1 T Cir2k — Crk
= Wik — W1k T Cek — Ce42k
= —W2,k+1 T+ Wil k+1 T Cok — Cei2,k (2.4.53)
furthermore
Dt+1k = Gt+1k—1 — Jt4+1,k+1 (2.4.54)

= Tgr1k — Ter1ht1 T Cea1k—1 — Ctb1,k+1

= —Wit1k — Wit1k+1 T Ce1k+1 — Ctt1k—1 (2.4.55)

Inserting the above identities now into (2.4.52) we obtain following system of
evolution equations (k — ¢ even):

!
Tipor = V' (Tes1h — Te1 k41 — Ort1k) + Tevr ke + Cok — Citog (2.4.56)
!
Tipopt1 = V' (Te41k — Tes1 41 — Ot1.k) + Teg1 k1 + Ck — Cra2k
!
Wipor = V(=W — W1 k1 + 0r41,6) + Wir1 e — (Cor — Citok)

!
Wero g1 = —V(=Wip1k — Wig1 k1 + Or41.k) + Wert o1 + (Cop — Cryo k)

We see immediately that we can read off an evolution in the edge variables if
we express the functions ¢ in terms of the variables g, .

We will call this system of equations for obvious reasons a system of edge-
Hirota type.

We notice that in the case ¢, = const. any solution z (or w) to system
(2.4.56),(2.4.57) (or system (2.4.57),(2.4.57) respectively) for a fixed choice of 2p
constants oy determines because of (2.4.55) a solution to the evolution equation
in the difference or face variables:

Pt+1k — Pt—1k = V/(pt,kq) - V/(pt,kJrl)-

Remark that the time difference of two vertex variables can be expressed in terms
of the edge variables for two different Cauchypaths, i.e.
1
—§($t+1,k—1 + Tip1 g — Wip1 k-1 + W) + é(l‘t,k—l + T — Wep—1 + Weg)
= 2(Cr1,6-1 — Ct—1,k—1) (2.4.57)
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Chapter 3

Quantized Dynamics

We will go on a brief excursion in order to indicate what we mean by the term
"quantization” and in succession suggest a quantization of the previously intro-
duced classical models.

3.1 Quantization

The idea of quantization is, roughly speaking, to substitute commutative algebras
such as functions on manifolds by noncommutative algebras. Canonically these
noncommutative algebras are provided with some extra structure in order to
establish an isomorphism between them and operators on some Hilbertspace,
(like e.g. L*(R)). The before mentioned operators on a Hilbertspace usually
serve then for replacing the result of a classical measurement (value of the field
variable) by a whole set of possible results of a measurement (eigenvalues of the
usually self-adjoint operator). The scalar product on that Hilbert space finally is
needed for the probabilistic interpretation of the model. Additional features like
e.g. relativistic invariance of a theory are usually implemented in analogy with
the corresponding classical theory.

There is still a lot of uncertainty about how much structure one should carry
over from classical theories to their quantum mechanical counterpart. Most quan-
tum theories try to inherit as little classical features as possible, which in the turn
unfortunately broadens the availability of quantum theories.

We do not want to attempt to describe what kind of quantum theories exist
and even not attempt to describe what kind of features should be provided by a
"good” quantum theory. Nevertheless there are some concepts which proved to
be working well especially in linear theories.

In the sequel we would like to make use of some of these well-working concepts.
In this way the below ”theory of quantization” will be very much adapted to the
considered models and will be on discrete space-time. The axioms which will be
soon set are not intended to be complete. They shall serve as a formal guidance
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through the main ingrediences of the described models and shall not necessarily
be viewed as a conceptional outline.
Let us carry together some basic definitions.

Definition 3.1.1 An algebra A over a field K is a vectorspace V' over a field K
endowed with a bilinear operation called multiplication:

T AXA—-A

Definition 3.1.2 [15]

A Banach algebra A is an algebra over C with identity 1 which has a norm
making it into a Banach space and satisfying |1 || = 1 and the inequality || fg|| <

If1llgll for f and g in A.

Definition 3.1.3 [15/
If A is a Banach algebra, then an involution on A is a mapping T — T which
satisfies:

L) T =T for TeA

2.) (aS+pBT)* =aS* + 3T for SST€A and a,fE€C

3.) (ST)*=T*S* for ST € A.

If, in addition, 4.) |T*T|| = ||T||* for T € A, then A is called a C*-algebra.

Definition 3.1.4 Let Mg = {Qo,...Qn-1} be a finite set of unitary operators
Q; € U(H) on a Hilbertspace H.

Define QF := Q; 0 Q;... 0 Q; and QY = 1, where 1 is the identity operator on
H and the multiplication is understood as the composition of operators in L(H)
(linear operators on H). The polynomials P(N,Q) generated by finite words of
Q: € U(H) form an algebra over C with identity which we denote with

N
PQ) ={P(N.Q) =D an@Qi°Q..Q)" 7'} ame€c,
m=0
m = (mo...mn_l) S N" U {0} N = (N()...Nn_l) € N U {0}

Lemma 3.1.5 The closure P(Q) of P(Q) in the usual operator norm on L(H)
is a C*-algebra.

Proof:
P(Q) is clearly a Banachalgebra. Since P(Q) is a subalgebra of £L(H) relations (1.-
4.) of (3.1.3) also hold for P(Q). O

Let m € C*®(M) and {f;} being a set of local coordinate components on a

neighbourhood U.
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Definition 3.1.6 A set G of real valued C'*°-functions on a neighbourhood U in
phase space M is called number commuting iff

{9is 9k} = ciw = const € R [ a. g; € G.

The following definition shall describe the quantization of a phase space M
belonging to a discrete evolution. (confer section 2.2). The set of real number
commuting C*° functions M }’} = {fo...fu_1} appearing in the below definition
shall be viewed as components of a coordinate map assigned to a neighbour-
hood U € M. In particular this means that our quantization will be coordinate
dependent.

Definition 3.1.7 A quantization Q" on a neighbourhood U on a manifold M
s a parameter dependend C-linear map from C*°-functions on M into the linear
operators on some Hilbert space H, i.e. Q" : C®*(M) w— L(H) subject to the
following conditions, which shall hold for all parameter values of h € C and for a
fized set of real numbercommuting C'*°-functions M}’} ={fo--fu_1} :

1. reality condition:

Q"(g") =Q"(9)" geC™(M)
2. unitarity condition: If s =s*, s& C>®(M) then
Q™) = Q)
3. quantum condition:
QEQEN) =M QU Q) fie MYy {fu i) = a

4. factorizability condition
There exists an a € R such that :

By ifutifi\ _ ihayh( ifi\ Y it , {}
Q" (eFTI) = Q" (e*) Q" (e'7) fi € My,

5. completeness condition

Define Q;‘ ;= Q"(e'7). Because of condition 1. and 2. the Q; are unitary
operators. We will take them from now on as the generators of a C*-algebra
P(Q) which shall be defined analogously to (3.1.4).

For any g € C=(M) , Q(g) € P(Q)

Remark:

For defining a quantization, which would give a senseful semiclassical limit for
the algebra of (real) observables one would certainly have to include more axioms
into the definition of a quantization or even better find an explicit construction
scheme. We remark that if we assume that there exists a quantization such that
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QM (eifr) = QM (eWr)li =: ettith; g = qf € L(H), where Q"(¢!/r)t analytic in
tj and fr € M }’} we get by extending the quantum condition (3.) of definition
3.1.7 to noninteger exponents

Qh(eifk )t1 Qh(eifj )tg — eih(tltg)ckj Qh(eifj )tg Qh(eifk )tl

immediately that
(9. q;] = ih{f;, fi}1 (3.1.1)

which is may be a more familiar expression in the theory of quantization (cf.
e.g [56]). Nevertheless starting out with condition (3.1.1) could in principle lead
into troubles (cf. Reed-Simon I, 1980, p.275). Since in the following all further
investigations can be carried out by axioms 1.-5.) of (3.1.7) without introducing
additional structure we will not try to define more as necessary.

Let us extend the notion of quantization to the class of C'°°-functions with
values in some higher dimensional vector space. Note that any C*°-tensorfield
over a sufficiently small neighbourhood on a manifold expressed in local coordi-
nates belongs to this class, i.e. this will give us the opportunity to ”quantize” -
at least locally - differential objects of quite general type.

Definition 3.1.8 A quantization Q" of a C®-map L from a neighbourhood U
on a manifold M into the set of multilinear maps L™ := L™5(V* ... V* V... V|R)
(r copies of V*, s copies of V') is given by the quantization of its components, i.e.

ETJFS x O — £r+s % (Q)

Qh(L)(dejl - dejr, €y - st).': Qh(Lj:l’mjr) (312)

J1.-Js

(3.1.2) is well-defined since Q" is C-linear. We denote the set of such quantized

multilinear maps with P(Q)ms) P(Q) ! forms an algebra if we choose the
multiplication map to be the compositions of linear operators on £(H) and V' or
V*, respectively.

(r7s

3.2 Quantization of phase space and space time

We sofar introduced the concept of quantization without any relation to discrete
space time.
Let us assume that we are given a poisson structure on a manifold which can
be understood as a phase space in the sense of the previous chapters (please
cf. section 2.2). This enables us to quantize local coordinate components {¢*}
assigned to the Cauchy path C, by means of the quantization procedure given in
(3.1.7).

As a result we have now constructed a map Qg : C*(M) — P(Qc,). Q¢,
depends on the choice of the local coordinate components {qlc 1 assigned to the
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Cauchy path Cj, and so does the corresponding C*-algebra P(Qc,). We are left
to incorporate the notion of evolution or change of coordinates on phase space
within the quantum setting.

Definition 3.2.1 An evolution automorphism gbgin Cn (evolving from Cauchy-

path C,, to C,, ) on the algebra P(Qc,) is an algebra automorphism

¢cm,cn P(Qe;) — P(Qc,)

which preserves the *-operation and the commutator in the generators of the
algebra, i.e.

¢cm,cn(a*) = ¢cm,cn( a)* a € P(Qc,)
di o (QPQSQN) Q™) = QrT(QI) T e P(Qe)

Clearly the conjugation with a invertible element in the algebra defines an evo-
lution automorphism, this can be extended to the following:

Definition 3.2.2 An almost hamiltonian evolution automorphism ¢gin o

on the algebra P(Qc,) is an evolution automorphism, which is constructed by
conjugation with an invertible element Ugfmcn € P(Qc¢,) and multiplication with a

¢
phase factor e'em.cn :

B ¢ -
¢cm,cn( a) = (Ucfn,cn) ! aUnganemcm,cn a € P(Qc,)

An evolution automorphism, may now serve as a quantized coordinate change
(please refer to section 2.2), if it is compatible with quantization, i.e. if the
following diagram is commutative:

= P(Qc,) o
C
Ke,..c., T \
ICm,Cn P(an) /C

¢>cczl;,cn q\
e < %

The map Re, ¢, : C°(M) — C®(M) was defined in (2.2.6) as a coordinate
change on phase space being a torus.

The map K¢, ¢, : P(Qc,) — P(Qc,,) connects the quantized coordinate com-
ponents along a Cauchypath C,,, whose representation is dependend on the gen-
erators of P(Q¢, ), with their representation as generators of P(Q¢, ). The map
Ze,. c, identifies the quantizations of the coordinates assigned to different Cauchy
paths.
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If two Cauchypaths C, and C,, are isomorphic to each other then one would
expect that the map Z¢,, ¢, should be at least an algebraic isomorphism, i.e. it
should preserve the algebraic structure like linear combinations, products and
adjoints, which entails also topological isomorphism (cf. R. Haag, Local Quan-
tum Physics 1992, p.115)[27]. If Z¢,, ¢, is an isomorphism such that P(Qc,,) =
P(Qc,) = P(Q) and one chooses a representation of the algebra P(Q) on some
Hilbert space, then the map K¢,, ¢, which mediates between operators at possibly
equal space time points but with respect to different reference frames should be
for physical reasons a change of basis on Hilbert space, i.e. a conjugation.

Remark 3.2.3 We note that if the evolution automorphism (bgjncn 1S given ex-

plicitly on the algebra P(Qc, ) then this strongly restricts the available quantiza-
tions an, since
Q¢ (Re,.c,(47)) = 0¢, ¢, (@, ()

3.3 Quantization of previously introduced mod-
els

The simplest space time one can think of, is the already in previous chapters
discussed Minkowski space time lattice. We want to establish a quantum model
on this space time by quantizing the discrete classical models, which were inves-
tigated in the last chapter.

3.3.1 Quantization of edge variables

In the appendix we learned (5.1) that there exists a two parameter family of pois-
son structures (5.1.11) on the algebra generated by the edgevariables {(u¢ k) kefo,...2p}»
(Vtk)kefo,..2p) } Which leads to an evolution compatible poisson structure on the
algebra generated by face variables .

However in order to define a definite evolution on the algebra of edge variables,
i.e. in order to define a phase space in the sense of section 2.2 it is necessary to
fix a gauge, i.e. to fix the variables ¢, in:

Tppr k-1 = V'(Tpo1 — Tep — Otk—1) + Top-1+ Co16-1 — CGr1h-1  (3.3.3)
Tip1p = V/(fft,k—l — T — Ot—1) + T + Co1 k-1 — Ci1 k-1

Wil k-1 = V/(_wt,kfl — Wi g+ Ot 1) FWep—1— (Ct—1 k-1 — Ct41k-1)
Wik = _V/(_wt,kfl — Wik + Op 1) F Wk + Cto1 k-1 — Cr1k—1

If we choose ¢; = const. then among the poisson structures given by (5.1.11)
only the case b = 0,c = 0 is compatible with this gauge fixing.

Besides this special gauge fixing we do not apriori know what kind of gauge
fixings are compatible with the poisson structures given in (5.1.11), neither it is
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obvious wether all poisson structures in (5.1.11) can be interpreted as belonging to
a certain constraint system obtained by a gauge fixing. We could also interpret
the edge variables as representatives of an equivalence class obtained by the
equivalence relation of gauge transformations. Nevertheless we have to proceed,
hence for the moment the edge algebra together with its translational invariant
poisson relations (5.1.11) will be viewed as functions on some kind of phase space
and in this sense quantized by definition (3.1.7).

If we quantize the edge variables along an elementary Cauchy zig zag by the
procedure given in (3.1.7) we obtain unitary operators which are labeled by the
edges of our elementary Cauchy zig zag.

Ui i= Q™). Viom Q™)
and which satisfy the commutation relations
UriVij = €" %V, Uy

where ¢y, is given by the classical commutation relations in (5.1.11). We abreviate
from now on ¢ = €.

The generators {(Upk)reo,.20}(Vek)keqo,..2p) b generate the C*-algebra P(Qc,)
(see definition 3.1.4). Let C;x_1 denote a Cauchy path which is obtained from an
elementary Cauchy zig zag C; by swapping an elementary "zag” at the face site

t,k—1:

t4LE—1 N t+1k
Y AN

t+1

3.3.2 Dynamics for the quantized edge variables

We will now impose the following three demands for the definition of an evolution
automorphism ¢ ,_;: = qﬁgz ._..c, Which shall describe the time evolution of the
edge operator algebra at the Cauchy path C; to the Cauchy path Cy_;.

Demands for time step ¢; ;1

a. Qup—1(ay) =a;if j#Fk—1ANj#kmod2p a=UV

(edge operators associated to edges which are not part of the (t,k-1)’th face
won’t be evolved)

b ¢rp-1(Frj) =Py ¢rk-1(0Orj) = Oy,
(face operators associated to the (t,k-1)’th face stay the same) where

Py = ViVieU Uy (3.3.4)

)

o —1
Otp-1 = Vi Vig-1UkU g1

)
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c. The quantum zero curvature condition (QZC)
Livi g Liy1 k-1 = L g Ly g1 (3.3.6)
shall be satisfied, with

A —1
Lt L= Lt k()\ ¥, k) _ Ut,k —e +Wt,k‘/;7k
) ) ) 6)\+wt,k ‘/t,k Utjk‘l

and wyp = (—1)'w}, W € R where
i=1 . j=k—t ifk—todd
1=2 , j=k+t if k—teven

Note that the classical matrix L;j was already introduced in 1.3.28.

Construction of time step ¢;;_;

In order to ensure the validity of the quantum zero curvature condition (QZC),
which was stated in demand c¢), we will first define an evolution for the above
quantum matrices L;j, which in the turn induces an evolution automorphism
¢+ k-1 on the edge algebra.

Suppose we are given an initial configuration of matrices L (X 4 wyy) for a
fixed time t. Define recursively:

Livirw\+ wipx) = RLyx(N+wip1)R™ (3.3.7)
———
=Wt k—1
Livig1ON+wisip1) = RLyg 1A+ wip) R (3.3.8)
——

=Wt k

where R and R haven’t been specified yet and Ly (A + wr 1) is to be obtained
from the given initial matrix L, (A + wy ) by replacing wy with wy ;. In par-
ticular we assume that we know the values of the w; for all times and positions.
The variables w; ;, will be here not treated as dynamical variables.

Remark 3.3.1 The matriz Ly (A 4w k) can also be obtained by defining "shifts”
S, on the edge algebra, i.e. automorphisms which map a generator of the edgeal-
gebra onto a generator originally assigned to a neighbouring edge, i.e.

SAt,k (Arg) = At A=UV

and then extending this construction to a 7shift” on the algebra of initial L-
matrices Ly (X + wy )

Su, . (U; —eMenk-1Gy (V]
Lip(AMwig—1) = Spr-1(Lpg-1) = ( Ui (o) iy (Ver) ) :

erMenr1Sy (Vik) St (Vs

With such a construction the recursive definition of the matrices in (3.3.8) can
be interpreted as a "propagation in light cone direction”:
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Such a viewpoint was taken in [52]. Here the generators Ay were chosen to be
ultralocally commuting (case b =0, ¢ = 2a in (5.1.11)) and could be interpreted
as operators which act nontrivially only on a local Hilbertspace Hyy, (assigned
to the k’th edge). Hence if we form a big Hilbertspace Hy = @, Hix which is

assigned to the whole Cauchy path C;, then Ay p:=1 1 ®... A ...®©1®1,
k'thsite
where 1 1is the identity on Hyy. The above shift S s in this context is then a global

shift in the tensorproduct of operators:

SHF AN =101... A .. 91a1.
(k%1)'thsite

Moreover in this work the propagation in light cone direction was not only de-
fined along a face (dashed arrow), but in the same manner as above also defined
between faces (ligned arrow) (please confer [52]):

Although this definition is very suggestive it unfortunately imposes strong restric-
tions on the element R in order to ensure the commutativity of the lightcone
evolutions. In particular the element R has to be the same for all faces. In a
later section the notion of a space shift will be generalized.

For our purpose we would like to define an element R= Iénk,l where the subindex
(t,k — 1) indicates the evolution from Cauchypath C; to Cauchypath C;j_1. In
particular this implies that the needed R-operator shall depend explicitly on the
chosen face. We make the following ansatz:

- eM(Per—1)1 0 R(Pyj_1) 0
R(P 1) .:( . Pty ( 0 R(Py) ) @39

N J/

-~

=: R(P; 1)

where e"x-1) € ST C is a number depending on the chosen face operator
P, ;—1 and R(P; _1) is a Laurent polynomial in the face operator P, ;_;. Note that
since R(P;x_1) is polynomial in the face operator P, ;_; it follows immediately
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that if A is an operator, which commutes with P, ;1 as P y_1A = ¢"AP,;_1,
q* € St then
R(Pt,k71>A = AR(quth,l).

Definition (3.3.9) induces immediately the following evolution automorphism on
the edgealgebra (k-t even):

Uirr = R(Pip—1)UpR(Pig-1)” 1gin(Pek—1)

Uit = R(Popt)UteaR(Prga) e i) (3.3.10)
Vierk = R(Pij- 1)V;?,CR(Pt’k_l)*16*”7(1%,1671)

Visrko1 = R(Pop1)Vig1R(Pyp_q) te mPrr-)

Edge operators at different sites won’t be evolved (mod 2p). By (3.3.11) the
edge operators at the considered face shall be evolved via a conjugation with
an operator R(P; 1) € P(Q¢,) and multiplication with a factor. Considering
the commutation relations given in (5.1.11) and the so induced commutation
relations on the quantum operators, we see that beside demand a) also demand
b) is automatically satisfied by the above ansatz of an evolution automorphism
(3.3.9, 3.3.11). Demand c) results in a condition on the operator R, namely:

338 = .
LivigO+wipip) Lepipo1A +wipip—1) = RLgpgN+wip1) Lig1 (A + wi ) R
—— ——

Wt k—1 Wt k

= Li N+ wig) L g1 (N + wi—1).
The equation
RLt7k(A + u)t7k_1)Lt7k_1(A + u)t7k) = Lt,k‘()\ + u)t’k)Lt’k-_l()\ + u)t’k_l)_é (3311)

will be called a generalized Yang Baxter equation (GYBE) since it can be shown
that R and L can sometimes be interpreted as representations of a socalled uni-
versal R-matrix [1] which satisfies the Yang-Baxter equation appearing in the
theory of quantum groups (cf. eg [25]). In the applications we are having in
mind the considered quantum group is usually U,(sly). (cf. e. g. [52]).
Evaluating (3.3.11) we obtain the following independent equations (k-t even):

R(Pp )UipUip 1 RN (Pig1) = UipUspa (3.3.12)
R(Pt,kfl)%Tkl%,kflRil(Pt,kfl) = thklvt,kfl (3.3.13)

eQin(Pt,kfl)R(Pnkil)ewlg-&-tUt,k‘/t’_klil + efwli—t_lmﬁglUtjklilRfl(Pnkil) —
e kU Vil + e VUL
(3.3.14)
All other equations to be obtained from (3.3.11) follow from (3.3.12-3.3.14).
By the commutation relations given in (5.1.11) and the so induced commu-
tation relations on the quantum operators, we see that equations (3.3.12) and
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(3.3.13) are automatically satisfied by the above ansatz, in fact they are equiva-
lent to demand b). So we are left to investigate equation (3.3.14). We obtain the
following functional equation:

—w? +w1_ _ 2a+-c
2i77(Pt,k—1) R(Pt,k‘—l) o e Cktt TV k—t—1 4 q Pt,k—l
- 2 1
R(¢*Prk-1) 14 e “eit@rtrgatep,, |

(3.3.15)

If |g| < 1 and n = 0 an explicit solution of this equation can be found in [52]. We
are interested in the case for which |g| = 1, where only for special cases solutions
were constructed in the literature.

Construction of solutions to the GYBE at roots of unity

For a further analysis of equation (3.3.15) we need the following Lemma:

Lemma 3.3.2 Let m < N € N and q be a root of unity, i.e. ¢ = e*™/N. Let
gcd(N,m) be the greatest common divisor of N and m. If B := L) then

ged(m,N
¢"B=1and g™ #1 for all AEN, A < B.

Proof: We look for a number B € N, B < N with ¢™? = 1, where m € N,
m < N such that for all A € N, A < B; ¢™4 # 1. We know that there exists a
number ¢ € N such that

Bm =tN.

Define
m N

= b= ————
© T ged(m, N) ged(m, N)
Since m < N, a # b and ged(a,b) = 1. So it follows from

Bm=tN<< Ba=th = B=b AN a=t.

O

Corollary 3.3.3 If B = W]Xm,m < N € Nand g = /N if Ay, A, €
N, Ay > Ay, A; < B then ¢“2=40™ =L 1 or in other words all roots of unity g™
for which A; < B are all different from each other.

Proposition 3.3.4 Let N € N, ¢ = /N, B = WJT\;N), m = 2 then the
following identity holds:
sy L kKP4 2P (-1

]11 1+ ¢imkx 14 kBgB(—1)B-1

(3.3.16)
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Proof: All roots of the RHS denominator and nominator polynomials are only
assumed once because of Corollary (3.3.3). Hence the LHS is nothing else then
splitting the denominator and nominator polynomials of the RHS into their linear
factors. So poles and zeros of LHS and RHS are the same, checking the equality
at e.g. x = 0 gives the assertion.

O

Theorem 3.3.5 Let @ be an element of a C*-algebra, such that ' = x* and

2B =g - ... -2 is a multiple of the identity element 1 in the algebra, i.e. 27 =
Bti
221, with 2P € St c C. Let k €(0,1),B = gcd(]fmm,q = e . Choose any root
1
B..B B-1\ B
gt (LK (=1 Tocst (3.3.17)
kB + 2B(—1)B-1

Define Ri(2) = Zf;ol 1;&9 with

l J ez‘gkqm(n—l) —k
J : 1— ezgkkqmn

n—=

then Ry (%) satisfies the functional equation:

Ry(#)  k+2 it
Ri(qm#)  1+ki

Proof: Direct verification under the use of proposition (3.3.4).

O

Remark to the Notationlf R(z) appears in the text without an indez k, then
R(z) = R(x)g, where k is arbitrary

An explicit solution to equation (3.3.11) for the root of unity case was originally
constructed for ¢ = 0, a = §, N = odd in [54] and [23]. Besides the already
mentioned case where |¢| < 1 an asymptotic description of the solution R for
l¢| =1 and £ # 0 were given in [52]. The construction of the above solutions is

to our knowledge new.

Lemma 3.3.6 Let ¢ = e%,N € 2N+ 1, R, &, 2N as before in theorem (3.3.5).
Let

A\ k+a &k
F@) =177
then No1
— ile(N+1)/2 H fq¥2) (3.3.18)

Ri(q2)

J=0
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Proof:
We make the ansatz .
Rk(i.) -, o 27 A
—~ — a\T T
Rutary ~ °@ IL st
]_
where «(z) shall be some polynomial in & then
N-1
o Ri(#) Ri(qz) 1 . o1 i . TR N2 —i .
i) _ 1 k i 2 2j 21N 2 —if,N
e ) = - ~ = oz z ) = «a(x)%e T
16 = R ai) Ry — @ LA D67 = alae 163

because of proposition (3.3.4). Hence a(2)? = a(2)? = WV +D1
yd

Corollary 3.3.7 Let q be a root of unity, i.e. q = e’N and the notations as
in theorem (3.3.5). If R is invertible, if P5,_, can be chosen as a multiple of

the identity in P(Qec,) and if the conjugation with R maps unitary operators into
unitary operators then the evolution automorphism ¢ 1 defined in (3.3.11) and
(3.3.9) with the R-matriz as in theorem (3.3.5) is compatible with the quantization
given in (3.1.7) and satisfies demands a)-c).

Proof:
Demands a)-c) are satisfied by the explicit construction of the matrix R. The
evolved operators which are obtained by applying the evolution automorphism to
generators of the edge algebra are again elements of P((Q)¢,) since the conjugation
with a polynomial in the generators of P(Q¢,) and incident multiplication with
a number is an automorphism in P(Q¢, ).

Moreover it is straightforward to check that condition 1.)-6.) of (3.1.7) do not
conflict with the definition of evolved operators.
O

Clearly sz_l cannot always be chosen to be a multiple of the identity, yet if
N = odd, a = i, b = 0 then this is always possible:

Corollary 3.3.8 Let q = e%,N € 2N+ 1, ¢ -1 as defined before and the

1

commutation relations in (5.1.11) such that a = ; and b = 0. Then the map

Ot -1 15 an evolution automorphism which is compatible with quantization.

Proof:
The proof that R is invertible will be postponed. The commutation relations
between edgeoperators and face variables are given by (5.1.11):

UpPrjo1 = ¢"Pp1Usys
Uk1Pir1 = ¢ Py 1Upp

VikPig1 = ¢ P 1Vig (3.3.19)
Vike1Porr = ¢ PPy Viga
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and
[Avk, Prrrs] =0, [Avk, Poys] =0

for j € 1..2p—2 and A = U,V, where 2p is the period of the face variables.
Hence if b = 0 and a = i we see that by lemma 3.3.6 that the unitary edge
operators are mapped into unitary operators since the function f(x) = 1";:1; is an

automorphism of the unit circle. P5 | = P/, is a casimir in this algebra and

hence can be chosen to be a multiple of the identity.
O

Hence we have constructed an explicit example for an evolution automorphism
o1 k-1 on the edge algebra.

Remark 3.3.9 Let us consider again the root of unity case with b = 0 of the
commutation relations given in (5.1.11) By using these commutation relations
(compare also with (3.3.19)) we note that although Pf,_, need not to commute
trivially with the edge operators U, j, V; ; assigned to the edges which align the face
(t,k — 1) it will commute trivially within the subalgebra generated by equal time
pairs Ay jAr, A = U,V of edge variables assigned to these edges. In particular
the evolution for these “paired edgevariables” A; Ay, A = U,V defined by the
formal application of the evolution automorphism ¢, 1 will be welldefined as well
as the quantum zero curvature condition - regardless of the chosen root of unity.
The proof of this assertion was basically given in (3.3.5) and by the commutation
relations in (5.1.11).

An example of an evolution for such ”paired edge variables” will be given in
the next section.

3.3.3 An evolution equation for squared edge operators

Although if the evolution automorphism ¢, is not necessarily well defined on
the algebra generated by the edge variables the quantum zero curvature condition
(QZC) will still hold (compare remark 3.3.9) and will give us the following three
independent equations:

Ui kUiiie-1 = UgpUgpr (3.3.20)
V;I_ikvwrl,kfl = Vi Vika (3.3.21)

w? -1 —wl oy r—1 -1 _
e ’“+tUt+1,k‘/;+1,k_1 + e %kt 1Vt+1,kUt+1,k—1—

3.3.22
e—wiftfl Ut7k‘/;;€£1 + ew]%+t ‘/;‘,,_kl Utjklfl ( )

A careful analysis shows that the first two equations (3.3.20,3.3.21) are identical
to demands a) and b). Analogously to the classical case we will now construct an
evolution equation in the edge variables by rewriting equation (3.3.22). Define
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B = Utjkl,l‘/i,k—lUt,kW,h By the definition of the evolution automorphism
(3.3.11) we find:

Ry(Pyi-1)
Ri(q* Py 1)

That means that if b = 0 in (5.1.11) then, on a face, the operator Etﬂ,k,lE;,i_l

Eipi g1 = b k-1

is the identity in the algebra P(Q¢,). Comparing with the classical case we find
that the variable Eyyq -1 Ey kl_l defines the evolution of the gauge fixing variables
¢t along the face (t, k — 1) (confer (2.4.57)) . Using the identities (3.3.20,3.3.21)
we see that the "quantum square root” of the expression Eyqx-1E;, 1q1—1

= Ve U kU 2Vi2 (use (3.3.20),(3.3.21)) is given by

R(P;
Fip1:= Vt+1,k71Ut+1,kU{k1Vt;€1,1 = ﬁ (3.3.23)

Hence the determination of Fj ;_; gives us the gauge constraint which is nec-
essary to construct a definite evolution from the QZC.
Now rewriting equation (3.3.22) we get:

w2 1
e Wit W1 _'_q2a+cpt7k71

Ui Vil w ViU = 3.3.24
LTt LE-1 TR ek 1+e*wiﬂw’%*f*lq%”ﬂ,k—l ( )
Using the definition of F} ;_; we obtain
_ _ _ R(P 1)
Ui Vi1 VieiUpyl = Vtﬁ,mmvﬁk—l
_ -2 R(Pt,kfl) 2
- t+1,km t,k
R(Pig-1)
_ 2 ) 2
- Ut+1,k R(q_gbpt k—l) Ut,k
_ R(P, 1)
_ 2 : 2
= Ut—i—l,k—lmUt,kfl
Furthermore (see also definition (3.3.5))
Prpr = V;f,ikQVt,Qk—logli—lqizaerJrc (3.3.25)
= U2y Ui ZOupag 2. (3.3.26)

We obtain the evolution equations (k-t even)

_w2 wl C - -
» e Wit TWh—t—1 4 gbt2 V;/,k2‘/t,2k710t,k171 -2 R(qszt,k—l)
Vit = 5 . 5 1 Vi (3:3.27)
, 1 _'_efwk+t+wk_t_1qb+2c‘/;k Vt?k—logk—l ) R(Pt,k—l)
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—w? twi b+2c1/—27/2 -1 %
e ko 4 VTV 100y 5 R(¢PPig-1)

V_2
t+1,k —w2 | 4wl b+2e1/—21/2 -1 t,k
L4 e et g2V oV 10 R(P 1)
—w? 4wl —b42c77—2 —2 —92b
2 € TRl 4 g Ut,kflUt,k Ot,k—l 2 R(q Pt,k—l)/
Ut+1vk - —wi, ) —b+2e[]—2 []2 bk R(F, ) (3.3.28)
L+ e "kt -1 Upi1U i Ot tk—1
—w? twi —b+2c77-2 -2 _9
U-2 e TRRTTReL 4 g Ut,k—lUt,k Ot 1 o R(qg*P 1)
t+1,k—1

2 1 _ _ t,k—1
l+e w’““JM’“*t’lq_b+2CUt,k271Ut,k20t,k—1 R(Pj-1)
where the face variable O, ;1 evolves as :

_ R(Py1) R(Ppr)
1k = 1k
o R(¢*Pij—1) R(q2°P, 1) =t

(3.3.29)

We see that if the commutation relations in (5.1.11) are such that b = 0 then
we have a unique evolution within the above squared edgealgebra generated by
the operators {(Ut%k)ke{oy__gp}, (‘/;t?k)ke{oy__gp}}. The operators Oy _; are in that
case quantum integrals of motion. We remember that in the case where the
commutation relations in (5.1.11) were such that b = 0,¢ = 0 the operators
Oy k-1 were even casimirs in the edgealgebra, i.e. they were commuting with any
element in the algebra given by the operators {(Uy )keqo,..2p}» (Vik)kefo,..2p } - In
a later section we will construct an explicit representation for the nonultralocal
commuting squared edgeoperators (case b = 0,¢ = 0 in (5.1.11) and show how
they can be related to a fermionic model.

In the next section another example for the evolution of ”paired” edge variables
will be given.

3.3.4 An evolution equation for vertex operators

By the definition of the face operator P, ;_; we see that
Pt,k—l = %;Cl%ykflUtjklflUtjkl — (V;vk*lUt,_kl—l)(%TklUtjkl)qzaibic

can be written in terms of edgeoperators which consist of products of U and
V-operators at one edge. Likewise we see that the same holds for the LHS of
(3.3.24):

UiV V-0 = UiV (ViU (3.3.30)
——

_.p-1
_'Bt,kfl
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Clearly the quantum zero curvature condition doesn’t define a unique evolution
for this new defined edgeoperators A and B (k-t even):

At+1,kB;r11,k—1 = At,kB;kl_l = O r-1 (3.3.32)
A Bk = A B = Ppoag 200 (3.3.33)
At—l—l,kAZ;i = Bt+1,k—lB;k1,1 = f(A;,iletkqQ“_b_c) (3.3.34)

where

flz) = kg + g
1+ kb po1g?vtex

and kg = e CE o (3.3.35)

Or in other words if we are given A, 1, Ay x, Bir—1 and By assigned to the
(t,k — 1)’th face then we obtain in a unique way the evolved operators A;iq
and B;i1 -1 but not the operators A;11 -1 or Biy1g. Air1k—1 O Biyqp can
only be obtained by applying our definite evolution automorphism, which refers
implicitly to a gauge fixing (confer also last section).

Bt k-1 Avi g
Ar g Avg
A1 By,

We note that we can rewrite (3.3.33) and (3.3.34) by using (3.3.33) into an
evolution equation for the operators A only:

At+1,k}—lot+17kAt+1,k+l = At’k_10t717kAt,k+1

Atk = f(A;]iflotfl,kAt,kJrlq2a_b_c)At,k

As we found out in the previous section the operators O;j_; are integrals of
motion if the commutation relation in (5.1.11) are such that b = 0. The evolution
of the operator A; 1 (k-t even) reads in terms of the evolution automorphism
as:

_ R(P; &
Apre—1 = Ut+1,k71%+ik_1 = % tk—1

Hence if we assume that the commutation relations in (5.1.11) are such that b =0

then we obtain the following picture of the evolution of the ”paired edgeoperators”
Ar i (T, K arbitrary):

ATJFLK = AT,K if K—T odd

= . 3.3.36
Arpig = f(AT,lK_1OKAT7K+1)AT7K if K—T even ( )
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where Oy is a constant operator which is given by the initial operators O =
VT_O,IKHVTO,KUTO,KHUTO,K where Ty shall be the time (K — Tj even) at which the
evolution starts. Hence by the above we see immediately that the edgeoperators
Ar i can be treated as vertex variables if one assigns to the edgeoperator, which
is hooked to a certain edge, the vertex which lies to the left of the corresponding
edge on the Cauchy zig zag under consideration. If the commutation relations
are such that b = 0,c = 2a (i.e. ultralocal) then the variables Ay x commute with
each other trivially but nontrivially with the operators Og. If the commutation
relations are such that b = 0, ¢ = 0 then the operator O is a casimir in the
algebra generated by the operators {(Uir)reo,..2pt, (Vik)ke{o,.2p}} > i-e. it can
be treated as a number. In that case the variables By i are identical to the
operator Ay g modulo the "factor” Opx_1. The operators Apx commute like
quantized vertex operators whose classical counterparts were introduced in sec-
tion 2.3. Hence for that case it makes sense to define operators which are now
assigned to the vertices of the lattice (”vertex operators”):

Gii—1 = Apo1 = Avpip (3.3.37)
thl,kfl = At,k (3338)
Giy1,k—1

The evolution of the vertex variables Gy is then given by (3.3.36) and reads as:
Gip1 -1 = f(G;;i_th,kOK>thl,kfl (3.3.39)

which is modulo a redefinition along the diagonals of the space time lattice and
of the additional parameter Ok Hirotas vertex equation in quantized form.

3.3.5 An evolution equation for face operators

As we already found out in (3.3.30) and (3.3.31) the face variables are also express-
able in terms of paired edge operators hence using (3.3.24) and (3.3.30-3.3.31) we
can rewrite equation (3.3.14) as

Ut+1,k‘/;ik = f(Pt7k_1)Ut,k\Q;€1

or

-1 -1 _ -1 -1
Vt+1,k—1Ut+1,k—1 - f(Pt,k*1>Vt,k—1Ut,k—1
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respectively. Hence we get

—1 —1 —1 _ -1 -1 —1 —1
Vt+1,k+1Ut+1,k+1VtH,kUtH,k = f(Pt7k+1>‘/t,k+1Ut,k+1vt,kUt,k f(Ptv’f*ﬁ

Pivg = f(Pops1) Poigf (Prg—1) ™! (3.3.40)

which is modulo a redifinition along diagonals a quantum version of the doubly
discrete sine-Gordon equation appearing in the theory of K- surfaces (1.2.13).

Now [;} = {(P2T71,2k>k€{0..p71}a (PQT,QkH)ke{o..pﬂ}} or [;},1 = {(P2T+1,2k>k€{0..p71}7
(Porok+1)kefo.p—1} }» respectively, shortly denoted by I, is an initial configuration
of arbitrary unitary periodic (face) operators, i.e. Pyopir = Prp € A(Pr), k €z
which obey the commutation rules:

[F)t,k‘a Pt,j] =0

[(Pors1 g, Poargesj] =0 forj € {2..2p — 2} mod2p
PipPrigir = a0 " Prgp1 Pk (3.3.41)

t,t € {2T,2T £ 1},|t — | = 1 and where A(Pr) is the algebra of Laurent polyno-
mials in the generators of I%.

Consider the automorphism E; 1 E¢ ;1 : A(Pr) — A(Pr) which is recursively
defined by:

Eii1Eii1(P1g) = Grpr1Pei—1(Pi—1 k) (3.3.42)
i= R(Py1)R(Pip 1) Poa g R(Pyjo—1) P R(Py jy) e o€ Pilisn)
and E; ;1 E; ;1 acting trivially on all other faces along the corresponding Cauchy
zig zag C;. Since
Pt+1,k3 = Et,k+1Et,k71(Pt71,k)-
it follows by the definition (3.3.43) that :

R(Piy1x)
= R(R(Pyes1) R(Ps—1) Ptk R(Pyjd) T R(Pyj) "t e Pk Py
= R(Pps1) R(Prjemt) R(e* s e P By YR(Pyjo1) 7 R(Prpesr)
(3.3.43)
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Define the operators (¢ € Z)

p—1 p—1

Ry = H R(P2tfl,2k) Ry = H R(PQt,QkJrl)-
k=0 k=0
Proposition 3.3.10 The operators R; € A(P) defined as above evolve as:

p—1
Rori = Ry H R(eig(Pg’%‘l)671'5(1)21?*2’““)P2t71,2k)R27tl
k=0

p—1

Ry = Ry HR(eig(Pg—L%)e’ig(Pg—wW)P2t72,2k+1)R27t£1
k=0

Proof: Using the commutation relations in (3.3.41) and (3.3.43) and the period-
icity of the face operators the proof is straightforward. O

Corollary 3.3.11 If &Pl 1) i€ (Pl ) — fa. t,x € Z (k—t even) then
R:1R: = R:R;_ is constant.

Since in this case the evolution for the face variables is given by conjugation
Piviy = RRa P ROR,

the operator R;R;_1 can be viewed as the discrete analog of a continous hamil-
tonian time evolution, i.e.

R,R, | « At At fixed.

This should justify, why we called the automorphism constructed in (3.3.11)
almost hamiltonian.

3.4 Connection to fermionic theories

3.4.1 Introduction of the model

Consider the previously introduced algebra of edge operators generated by the
operators {(Upr)keo,..2p}s (Vik)keqo,.2p) } (t € Z fixed) associated to the edges of
a Cauchy zigzag C;, obeying the commutation relations given in 5.1.11 for the
case b=0, c¢=0:

Ui kUt kra = ¢ U iUy I=1...p—-1

Ut,kUt,k+2m—1 = q+2aUt,k+2m—1Ut,k m=1...p

Vi Viktn = ¢ VigraVir n=1...2p—1

Ut,k‘/t,k—i—j = V;f,k:—f—jUt,k jE Z\{O} mod 2p (3444)
Ui Vi = ¢ *VipUp

Ui i My o, = q(_l)kﬂA‘aMt,uUt,k Ui My = MUy g

V;‘,,kMt,v = q4aMt,v‘/t,k ‘/t,kMt,u = Mt,u‘/;‘/,k



3.4. CONNECTION TO FERMIONIC THEORIES 69

where .
Mt,u = Ut,2k+2pUt’2k;
-1 ~1
My = Upskrop+1U; o
-1
Mt,v = ‘/t,kJerV; k-
2 2p—1
Let H,” = p o Hqx be a tensorproduct of equal Hilbert spaces H,, associated

to the edges of the light cone lattice. Define Op, € U(H) by

Opp=1®1..00px...1 ®1
K/thsit

where Op € U(H) and 1 the identity on ‘H. Let B, S € U(H) be unitary operators
on H with BS = ¢ %%SB.

Proposition 3.4.1 We fiz a time t = odd . Using the above definitions the
operators { (U )keqo,..2p-13s (Vik)keqo,..20-13s Mius My} may be represented in the
following way:

U, 2k = = By, H% ! S( 2 Vt,2k = S, H?ial B
Ut ok+1 = Bakt15%+1 H% S( 2l Viokr1 = Bary1S9k 41 H?io By (3.4.45)
Mo = [0 57 Voo = 1% B

where U;g = By and V;p = Sp =1 ® ... ® S and the definition should be un-
derstood modulo phase factors. If we fix a representation of B and S on the
"small” Hilbertspace ‘H;, = H , assigned to the edges of the light cone lat-
tice, then this induces a representation on the corresponding ”big” Hilbertspace
pr = 2p 1Htk We notice that also if we choose B and S as irreducible
representatlons on the Hilbert space H then the above representation will be
reducible. This can be seen by Schur’s Lemma and the fact that the periodic
Casimirs Oy g1 =V, %Vt ok—1, Ut 21Ut 21,1 are not multiples of the identity oper-
ator on H?.

In the preceding chapters it was shown that the construction of an evolution
automorphism for the above edge algebra was dependent on the chosen represen-
tation. In particular an explicit construction of such an evolution automorphism
may be sometimes only possible for a subalgebra of ”paired edge variables”. An
example of such a subalgebra is the subalgebra generated by {(U; k)ke{o 2p}s
(%,k)ke{o,..ap}} and periodic Casimirs {Ot,kq = Vtk Vt,kq, Ut,kUt,kfl}kE{O,..prl}
Define

2 . 2 . 2 —4a+2c¢ . 2 4a—2c¢
Xip:i= Vtk Wik:i= Ut,k M, x = Mtyq M w = Man .

The evolution within this algebra was given by the evolution equations in 3.3.27.
If we set kyj—1 = exp (—wi,, +wj_, ;) = constant, they read as (k — ¢ even):

M, = const, M;, = const, Oj_1 = const (3.4.46)
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kE+ X, th 10 k—

oyl tk tk—1 3.4.47
1k 1X k-1 tHLE bR = 1+ kX Xex100, 4 | |
k + Wt7k_1Wt,k Ork-1

L+ kW, W, O

WipaWd = Wi e Wiko1 = (3.4.48)

(remember b = 0,c¢ = 0) The corresponding face operators were defined by
Pir1= Xt,kXt,k_lO;é_lq_Qa = W@Tkl_IWQTklOt7k_1q_2a. Define the following new
variables (k — t even)

Ql=WoL W5 Q=X Xewr (3.4.49)
Since the operators O, ;_1 where casimirs in the edgealgebra it follows that the
operators kafl are also face operators, which commute in the same way as the
face operators P, ;_; at initial time ¢.
We define now an evolution for the variables W, X, seperately. This can be
done by e.g. replacing the evolution operator R(P;;_1) in 3.3.11 with the operator
R(q4“Wt7_k171Wt7_k1) or R(q4“XtTlet’k_1), respectively. Hence we define recursively
(k-t even):
Wire = R(@“Wo WY WeR(q W Wi e 2V W
—27 _1
Wipkor = R(g“W5 Wi War i R(g“ Wit Wi te 2 Wei W)
Xeyip = R(G“X)} Xipo1) Xep R X3 Xy )~ le 2050k Xir-1) (3.4.50)
—2in(X, L X¢p
Xerpor = R(q"Xp5 Xep-1) Xep1 R(q* Xt,kXt,k—1>71€ 2m(X g Ko=)
2n = ¢ as before in (3.3.5). We obtain the evolution equations

R(q“W, W) (WL Wl
WiaW, o =W Wi = kol Gk —2m(Wy i W)
LT SR R(q=** W,y Wiy
R(q" X, Xip-1)

R(qg= "X Xip1)

-1 TS| —2in(X, t Xep—1)
Xif1p1Xek-1 = X, Xek b

Such that if q4“X Xt 1,0 Wt Pl 1Wt . satisfy the preliminaries of theorem 3.3.5
with =8 = ¢™ thls gives us the equatlons

k+q* Wt,_quwt,_kl
1 + kgle Wtjkilwtjkl
k4 q* X, X g

-1 _ -1 _
Wit gWe =Wia e aWiek—1 =

X e Xk = X2 X0 3.4.51
t+1,k—1 t,k—1 t+1,k k 1 _'_ kq4athlet7k71 ( )
Using (3.4.51) we obtain the following two sine-Gordon type equations
1+ q—4aink_ k4 q4aQik
Qe = = Qi (3.4.52)

k+ q74ank71 1+ kq4ank+1
Note that Q:fk_lQ;k_l = O -1
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3.4.2 Light cone shifts

The doubly discrete sine-Gordon equation, as well as the above described equa-
tions of sine-Gordon type are, as in the continous case, invariant under light
cone shifts, i.e. if g1 : Z* — R is a solution to the classical vertex equation then
Gtan ktn is also a solution. In this sense space time shifts can be lifted to automor-
phisms on covariant phase space and can be interpreted as symplectomorphisms
[16].

In the previous section we found a quantization of another (yet trivial) sym-
plectomorphism ([45, 26]) on phase space, namely time evolution. It would be
now only consequent to find quantized analogs of the above mentioned light cone
shifts. This will be done by defining quantized space translations of half the lattice
spacing distance and then applying the time automorphism. Since translations
of half the lattice spacing distance are hard to define on the vertex operators, as
one would have to go over to the dual lattice, one has to restrict oneself to the
edge algebra A(Xr).

For constructing the above mentioned space shifts, we will follow an idea
developped in [21], where such space shifts were suggested for the case of a special
choice of vertex monodromies. As it will turn out the treatment of the more
general case will result in a possibility to fix the above roots in a very natural
way. Let again m = 8a, 2n = &.

Lemma 3.4.2 The quotient of the two vertex monodromies

1 2)y—1 -1 -1 -1
MOMP)™ = Pyyr P - Por12p-2Ps 5y 1Porhps - - Poh
. —2mp+m 2 -2 2 2
= dq XQt,Oth,lXQt,Q 3 'XQt,prlMX

—2nuHﬂn)(2

_ -2 2 2
= q 2t+1,0X2t+1,1X2t+1,2 . 'X2t+1,2p—1MX

is a Casimir in A(Xr).
Demand 3.4.3 For establishing quantum space time shifts demand

a.) The Casimirs

—1 —1 —1
Py 10Py—12... P2t—1,2p—2P2t,2p71P2t,2p73 e Pzt,l

and P, (B as before) shall be multiples of the identity within A(Xr).

b.) The roots ¢ Fk) = (P, (—1)B~1)"5 (see 3.3.17) shall be fived in such
a way that

p—1 p—1
P02 )5 [ TP (1)) 75 = [ ] Poevae [ [ Poobes
k=0 k=0
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By the definition of an almost hamiltonian quantum evolution demand a.) holds
automatically for all times t, if it is true at an initial time T. The same is valid
for demand b.) which will become evident soon, therefore the index t in the above
demands refers to all times.

Define
2p —
S = [T Ro(Xif Xew1) = Ro(X; 5, Xu2p-1) Ro( X1 Xiap2) - Ro(X; 5 Xe1)
k=2
(3.4.53)
Proposition 3.4.4 For all k € Z
St_lXt wS; = q—meifo((xt_,lez,k—ﬂB)Xt b1
where ¢E") = (¢B(=1)B"1)"5 as in (3.5.17).
Proof:
If n € {2...2p} then by the commutation rules of the edge variables
S;lXtvnSt =
2p — 2p—
= ] Ro(Xi Xew-)Xem [ Ro(Xiy Xepa) ™!
k=n k=n
T 1 Ro(X; ) Xin—1) gl 1 1
= I ReXii X ) d = Xen [ Ro(Xiy Xep1)”
k=n+1 Ro(q Xt,n Xt’nfl) k=n+1
2p — 2p —
. -1
— H RO (thleth—1)X,;711Xt7n—1Xt,n H RO (thleth_l)—16150((Xz,nxt,n—1)3)
k=n+1 k=n+1
2p — 2p —
. —1
= ¢ " [[ Ro(Xi Xk )Xenr [ Ro(Xp) Xpp) teoin Xm0
k=n+1 k=n+1
= (]_mezfo((X;;Xtvnfl)B)Xt,n—l
Analogously one obtains
S;lXt’lst =
2p — 2p —
. —1
= I Ro(Xi Xew )X X0 [ Ro(X ! Xy o) teto((Xez X))
k=3 k=3
2p — Ro(Xt:ngt’Q) 2p —

thlXt2,1 H Ro(thlet,k—l)eigO((XtT?lXt’l)B)
k=4

= RO(X_lX k—1) -
/g PR Ro(gm X X o o)
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2p — 2p —

=TI Ro(Xid Xen)a™™ Xea X2 X7, T Ro(X ! Xy €0 (s Xl Drrito(( X0
k=4 k=4
2p—1 2p
_1)k+1 ; —1 ; —1
_ q2m(p—1)X;21p H ngg 1) H 6(*1)k150((xt7kxt,k71)B) 6150((Xt,1xt,0)3)
k=1 k=1
_ q—meiﬁo((X;th,o)B)ti (3.4.54)

if we suppose that demand b.) holds. With S, "MyS, = My the assertion
follows.
O

It is easy to show that:
(St(l))_lXt,nSt(l) = q_meigo((Xt_”llxt’"fl)B)Xt,n—l

where
2p+l “—

(S = T Ro(X Xinn)
k=2+1

Therefore the index [ is irrelevant and will be skipped, also if (St(l))_1 instead of
(Szfo))_1 is used. Clearly one can also define an automorphism of the above kind

by redefining
2p+l “—

Siti= [ Ro(eXXis1) a€S,
k=2+I

which will act as:
S7X, 08 = ag e (X X)) x,

a fact to be used later.
The automorphism S; ' : A(X7) — A(Xr) defined on the operators X, as

S;l(Xt,n) — qmeiio((xt_,éxt,n—l)B)St*lXt’nSt = X1

can be interpreted as a shift of these edge operators in space direction. As an
automorphism on A(Pr), the picture of the action of S; ' is a little different, we
find

Sflpt k-1t = P12 e~ %0 (P) + 0P )
Sflptﬂ k25t = Pirps e_igo(Pfl?’f”) + eigo(Pgl»k*?’)

Hence S; applied to face operators is rather an up and down shift in lightcone
direction than a shift in space:
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%
<P

Figure 2.1 Figure 2.2

Fix an initial time e.g. T'= odd. Then by definition the operators

Sp' = Ro(Proiop-1)Ro(Prop-2) - Ro(Pr-11)
Sf}rl = Ro(Pri12p-1)Ro(Prap—2) ... Ro(Pri1,1)

are given by the choice of initial operators {(Pr_1,2x+1)kef0..p—1}s (Pr2k)kefo. p—1} }
and the time evolved face operators (Pr1,2k+1)ke{o0..p—1}- Lhe operator Pri op41
can now be obtained by shifting the operator Prgo; or by applying the time
evolution to Pp_j gx4+1 , i.e. the in figure 2.2 depictured shifts have to commute.

By the commutation relations of the face operators it is straightforward to

find:
Lemma 3.4.5

Ro(Pry1,2p-1)Ro(Prop—2) - .. Ro(Pry11)
= Ry Ro(e 0o v Pra2) Pr_y o, 1) Ro(Prp—2)

. Ro(e_igo(PEQ)HgO(PgO)PTA DR

Hence

Sri1ProeSri = Pryy okt 6 PR+ (PR 1 o)

= Ry Ro(e o) 0o 2) Py o, 1) Ro(Prop-s)

. Ro(efigo(P%)HgO(Pgo)PT71 1) Pr o

(RTRO(eiiéO(PﬁQP)HgO(PgQP*Q)PTfl,Qp—l)RO(PT,de)
.. Ro(e @ PEHiO (PR pr | )y

*iﬁk(Png)+i§k(Pg2k72)

= RTPT—1,2l<:—1R7_“1_1€_i£0(P£2k)+i§0((e Pr_1.21-1)")

e_ifk (ngk)'”fk (P7§,2k—2)

= Prix om0 (PRy ) iga((e TN a2 Py gy P

Comparing both sides of the equation, one obtains finally the compatibility con-
dition:

eigo(Pf+172k71) ; e_igk(P£2k)+i§k(P1§,2k—2)ezfo(Pﬁfl,Qkfl) (3455)
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For defining the evolution we had already fixed the roots on the right hand side
of equation (3.4.55), so that equation (3.4.55) determines the roots at one time
step further.

Equation (3.4.55) fixes the roots at k = 0. It is easy to see that one can stay on
one leave, when extending to arbitrary k& € [0, 1). Hence also the evolution of the
roots e *+(”) has been now defined. As a direct consequence of equation (3.4.55),
it follows that demand b.) holds for all times since the classical monodromies are
as well as their quantum counterparts integrals of motion [38].

Note that if one takes the B'th power of the above equation then one obtains

EB + Pﬁzk(—l)B” 1+ kBP;?i%fz(—l)B*l

sz?ﬂ,qu = B DB B—1 1.B B B_1 P’Zl?fl,Qkfl'
1+ k PT,Qk(_l) kP + PT,2k72(_1)

Hence the "classical” variables Ptli satisfy also an equation of sine-Gordon type.
A fact which was first noticed in [52] by using the commutation relations of the
face operators and computing le?+1,2k—1-

It is now straightforward to show that as an immediate consequence

Sri1(Xrs16) =EroSro E;l(XT—f—l,k)

i.e. shifts in time and space direction commute if (3.4.55) is satisfied.

The picture of the above developped quantum evolution looks considerably
complicate. It simplifies by a great amount, if one restricts oneself to the case of
corollary (3.3.11):

Proposition 3.4.6 Let St be an automorphism on A(Xr) such that at an initial
time T’

Rr = Sr(Rr_1) = S;HRr_y) (3.4.56)

where recursively
RtJrl == RthflRtil (3457)

then Ry = RpSp(Ry_) for allt € Z > T.

Proof:
By (3.4.56) and (3.4.57)

Ry = RsSr(Rr_ )RS} (3.4.58)
Rz, = RrSr(Rr)RS! (3.4.59)

For completing the inductional argument assume that the following is true

Rrin = RrSr(Ry_10) RS (3.4.60)
Rri14n = RrSr(Rry,) R (3.4.61)
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Hence
3.4.57 ,
Rrinte G127 Ry R R0
3.4.60,3.4.61 _ _ NS
S RSy (R )Ry RS (R0 Ry (RrSr (R ) R7) 7!
3.4.57 _
CLD RpSr (Rt )R (3.4.62)
3.4.61,3.4.62 _
analogously Ry 13 (3.4.61,3.4.62) RTST(RT+n+2)RT1.
O

Proposition 3.4.7 If St is an automorphism such at initial time T
Xrp=Sr(Xri-1) =S7' (Xrpr1)  and Xppp = Ry X Ry
for allt € N and with Ry as in proposition (3.4.6) then
Xip1p = RTST(Xt,kfl)R;l

Proof:

By induction as above and by the use of proposition 3.4.6.

O

The connection to models of statistical mechanics is now evident. We find

Xijoke1 = ReSp (ReSr(Xew)RyDRy!
= RS (Rp) XSy (RADHRS (3.4.63)

Moreover Ry is a product of "local amplitudes” R(Prj_1) associated to the
faces at time 7 within the light cone lattice, hence S;'(Ry) is a product of
"local amplitudes” R(P,;_1) associated to faces which are shifted in lightcone
direction of the original faces. Because of (3.4.63) this picture is the same all
over the lattice, hence we can interpret Ry as a kind of transfermatrix (though
with complex weights).

Another fortunate consequence of the above is that for investigating the evolu-
tion it suffices to control the first time step, everything else is obtained by applying
the light cone shifts E; o Sy. this is espiacially important for the construction of
integrals of motion, since if one finds an operator Hy, which commutes with the
above light cone shifts, then this will be automatically an integral of motion.

In the next section an example of such a ’static’ quantum field theory will be
discussed.

3.4.3 Relations to the massive Thirring model

We will work now with the subalgebras generated by (Wy i) reqo,...2p) and (Xt k) reqo,...2p}
(t € Z fixed) carrying the induced comutation relations given in (3.4.44) and the
new evolution automorphism given in (3.4.50).
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Define B, S, F, A € U(2,C) = U(C?)

B:(é _01) sz((l) é) (3.4.64)
FZ%(%—H) A:1iz’(1—1i) Czl\/_;AF:<é?)

The notation is adopted from viewing B as a "Boost” and S as a ” Shift” operator.
F' is a discrete Fouriertransform with

F=F"1 FBF = S.

The operator A diagonalizes BS moreover we collect the following identities:

A"'BA = S CBC-' = B
ABA™' = —iBS (CSC-' = —iBS (3.4.65)
A-'SA = —iBS CBSC~' = —iS.

B, S, F, A are operators acting on small Hilbertspace H = C2. The Hilbertspaces
‘H assigned to each edge are still assumed to be equal. Since we are running out
of letters we will abuse our notation and define A and F' also as operators on

p—1 2
H? =@, Cie.

Ar=1®1...A...1®1 F,=1®1...F...1®1

2p—1 2p—1

A:®Ak F:®Fk
k=0 k=0

It will be evident from the context, which definition is meant.
After fixing phase factors in a desired way, the by (3.4.45) induced represen-
tation reads as:

2h—1 2%h—1
Wiow = Bar 112 Si Xior = S [[1Zy Bi

2%k 2%k
Wioks1 = Bogr1Sok41 [ [0St Xiow1 = —Bog15+41 [ 1= B
Mt,X - Mt,W - ]l

where again we have fixed an initial time ¢ = odd and B and S are now explicitely
given by 3.4.64.

We see that in the above representation the monodromies are the identity
operator on H? and hence the edge variables are periodic. Moreover we find
that at our initial time ¢ = odd :

FX,,F =Wy, (3.4.66)

VVt2,2k; = Xt2,2k; =1 VVE2]<;+1 = X22k+1 =—1. (3.4.67)
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With
Q;k = thleXt,k Q:,rk = FQ;kF
follows that

Q) =1. (3.4.68)
Corollary 3.4.8 from theorem 3.3.5. The operator R(iQ*) € U(C* ® C?) given
by
1 1
R(iQ*) = ——=(k +iQ¥)(1 — iQ") = ———=(1 — kiQ™)(1 +iQ™
Q%) = s b+ 105)(1 ~1Q%) = — (1~ KiQH) (1410

with k € R and (Q*)? =1 satisfies the functional equation

RGiQ*)  k+iQ*
R(—iQ*) 1+ kiQ*

Proof:
The right input for Theorem (3.3.5) is ¢ = exp (im ),m =1,N = 2. It follows
imediately that exp (i€) can be chosen to be exp (i§) = 1, since

egig _ k? + (ZQi>2(_1) -1
14+ B2(iQ+)*(—1)

Choosing € = 1 we obtain as an immediate solution

- —k

AEY - E

But
RGQHRGQH) = (1 + (1)1
14k
hence ) 1
R(Q*) = Q%)
L+ (153 )?

is a solution, rewriting R(iQ¥) gives the assertion also at k = —1.
O

Following 3.4.50 the evolution on the face (t,k — 1) is now explicitely given by
the recursive procedure :

Xt-i—l,k = R(Z'Q;’k_l)Xt’kR(iQ;k_l)71€2i£((Q;k—l)B) (3469)
Xt+1,k‘71 == R(Z-Q;’k;_l)Xt,k‘flR(iQtik_l)71€2i£((Q;k_l)B) (3470)
W = FXF,

where t now arbitrary with k - t even.
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Considering 3.4.68 we find

k+iQF 1—kiQ* 1

= 2k + (1 — k?)iQ*). 471
1+ kiQ* 1 — kiQ=* 1+k2( +( )iQ™) (3.4.71)
Define
oo 2k I et
14 k2 Tk

b and ¢ obey the unitarity conditions:
b+ [cf*=1  be4+bc=0
so we set
b=: —isin ¢ ¢ =:cos¢ (3.4.72)
Rewriting R(iQ)) in terms of the angle ¢ we find

R(iQ)) = cos %]l + 7 sin %Q,

In terms of the constants b and c:

RQ) = (1 +(1-0)Q)

Let us again fix an initial time ¢ = odd. Using the above definitions of the
constants b, ¢ , the identities (3.4.67, 3.4.68) and (3.4.71), we get from 3.4.69 the
following evolution equations for the edge operators, where we confine ourselves
to the investigation of the evolution in the subalgebra generated by the edge
operators (X i)keqo,..2p}, the evolution within the subalgebra generated by the
edge operators (Wt,k)ke{o,mgp} can be obtained analogously:

Xt+1,2k = (Cll - bQ;Qk)Xt,Qk = bXt,2k+1 + CXt,zk
Xt+1,2k-+1 = (C]l - bQ;mg)Xt,QkJrl = bXt,Qk + CXt,2k-+1 (3-4-73)
Observe that for obtaining the evolution equations (3.4.73) we didn’t use the
explicit representation (3.4.64) but only the equations (3.4.67) and (3.4.68).
Now using (3.4.73) we find
Xt2+1,2k =1 Xt2+1,2k+1 =—1 (3-4-74)

and hence Qt_+1,2k71 = —Xt+172k_1Xt11172k satisfies

(Q;+1,2k—1)2 =1 (3.4.75)
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Using (3.4.75) we obtain

Xt+2,2k = (C]l - bQ;sz,l)XtH,Qk = bXt+1,2k;—1 + CXt+1,2k

Xito2k—1 = (c1 — bQ;Lsz_l)XtH,qu = bXyt10k + cXyq1,2k1

Hence inductively we obtain the following picture of a local evolution
X1k cos¢  —ising Xk
’ — L. ’ 3476
( Xit1,h41 ) ( —ising  cos¢ Xt k1 ( )

Xt2,2k; =1, Xt72/§_1 =—-1 fa tez.

with

Return to the representation given in (3.4.64). Define

1 . _
wt,k:: Q(Xt,kq - ZCXt,kflc 1)-
Hence for an initial time t:

k—1
@/)t,k:@/)k:U;;HOf:]l ®..Q0 ®d*...0°
=1

_ 0 0 .
J—(lo) c°=1hB

The operators v, are called Fermi operators and obey the Fermi commutation
relations

where

[Vn, W] =1 [n, ] = [, 01 = [0, 1] = 0.

Since the evolution equations (3.4.76) are linear the evolved Fermi operators also
satisfy an evolution of the type (3.4.76). It is possible to describe the evolution
of the fermionic operators in terms of lattice shifts in light cone direction. First
we note that the evolution for the edge operators to the next time step is given

by

p—1
XT+1,n = RTXT’nR;l Where RT = H Rk(iPT’Ql).
=0

The shift matrix shall be given by:
St'i= Ro(iPrp—2)Ro(iPr_1,2,-3) - - . Ro(iPr_11)Ro(iPory)
which defines the following shiftautomorphism on the edge algebra:

S (Xrn) = i8S Xp,Sr=Xr,1  ne{l...2p—1}
Sy (Xrp) = i(=1)""'S5' Xp0Sr = Xr2p1
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Lemma 3.4.9 The matrices CPrs,C™! and CPrz,;1C™ (n € {0...p—1})
commute with all generators I3 = (X1,n)nefo.2py 0of A(XT).

Hence

R;CR;C'S;'CS;'C Y (Xy,, —iCX7,CHCSrC1S7CRC'R,!
RrS:' Xr,SrR; — iCR7p S X1, STRLIC™H
= —i(RrS;' (X7,,)R;! —iCR4S: (X7, ) RACTH)

n € {1...p— 1}, analogous for Xr.
Clearly this defines lightcone shifts on the operators

1 ) _
¢T,n+13= §(XT,n - ZCXT,nC 1) =0

i.e.
1/1T+1,n+13 = RTST(XT,n)R;l
withn e {0...p—1}

Ry:= RyCR;C™t S7'(¢pn):= iS5 CST C My, SrCSpC

_ 0 0 .
0—(10) o = B.

The shift matrices Sy and S;', as well as the evolution matrix Ry are products
of bilocal operators

and

Ry, (iPran) = 1®..R(iBS®BS)...®1 ne{0...p—1}

Hence the same holds fot Ry and Sy. A straightforward computation gives

Ri(iBS ® BS)CR(iBS ® BS)C™' = Ry(iBS ® BS)R,(—iS ® S)
1000
0 ¢c b O
=1®...| 04 .0 | ®1=
0001

= Rp(—iS ® S)CRy(—iS ® S)C™*

The shift matrices

S,;l = Ro(iPTgp_g)Ro (Z.PT_LQp_g)RQ(Z'PT’gp_Zl) e RO(iPT’O)
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act on the fermionic operators 97, as

St 700 Sr =
= Ro(iProp—2)Ur20Ro(iProp—2) "
1 0 0 0 1 000 -
0 0 —i 0 _ B 00 i 0 |7r .
- 0 —i 0 0 (UQn—1®02n—2) 04+ 00 ggl
0 0 0 1 0001 B
1000 1000 -
10010 _ . 0010|711 .
= -t 0100 (0'2n71®0-2n72) 010 0 lllal
0001 0001 B
= —iV %7,V (3.4.77)
ne{0...p— 1} with
1 000
Vo=V, '=1®... 8 (1] (1) 8 @1 V=V LV V!
0 001

-~

(n+1,n)"th site

In a similar way

S roni1 Sy = =iV Y%re, V. o ne{l...p—1}
Sp'raSr = i(=1)PV 'V,

so that finally

FWra) = iSp%Wr.Sr = VW,V ne{2...2p}
(1) = i(=DPIS Sy = Ve,V

U U

which is identical to the shift automorphism constructed in [14]. Following propo-
sition 3.4.6 we know that the construction of the shift automorphism S and the
evolution automorphism given by the conjugation with R is sufficient for con-
structing a hamiltonian quantum evolution in the sense of the previous sections.
Hence a nice side effect of the study of the above quantum lattice model
of sine-Gordon type is the detection of a relation to another quantum lattice
model, namely the massive Thirring model in it’s reduced version as describing
free massive fermions, as given by [14]. Since relations between these two models
are known for the continous case, see e.g. [36, 11, 47| it seems to speak for the self
coherence of the above lattice models, that they also exist in the discrete case.
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3.5 Integrals of motion

Using the quantum zerocurvature condition (3.3.6) define the quantum operators
(k-t even)

Ly = LypLip— = Lt+1 kLt+1 k—1
’ R - ’ 3.5.78
Mig—r = LipigaLipy = L L ( )

Proposition 3.5.1 [52] The matrices L; ;, M, ; satisfy the following equation:
Lipry = Mt,k+1£t—1,kM;kl;_1 (3.5.79)

Proof:
The assertion follows immediately by using the quantum zero curvature equation

(QZC) (3.3.6).
O

Equation (3.5.79) is called a quantum Lax equation for the evolution of quan-
tum matrices assigned to the faces of the Minkowski space time lattice.

Now consider the matrix products of the two by two quantum matrices £; ; (i-j
always odd) along an elementary Cauchy zig zag of length 2p , where 2p is again
the periodicity region of the face variables :

. _ —1
Mot 10 = Lory1,2p—2Lo%412p—4 - - Loy10 = M2t,2p71M2t71,0M2t771 (3.5.80)

The two by two matrix M, ; is called a quantum monodromy matrix.
Let the edge operators be periodic, i.e. in particular Mo, 9,1 = Maiyq -1 and
the commutation relations between them be ultralocal (case b = 0,¢ = 2a in

5.1.11). Define
wor- () B) o

Using (3.5.80) we obtain a quantum integral of motion by taking traces of the
monodromy matrices

Mapr1,0 = tr Mogp10 =tr My—10 = Ax—1,0+ Dar—1
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Analogous for even times.
Using again the QZC one obtains furthermore

Liy1k

Lty
L - Lokt

LM

-1 -1
£t+1,k = Lt+1,/€+1‘ct,k—1Lt+1,k71 = Lt+1,k+2£t,k+1Lt+1,k'

Hence

M2t+1,0 = £2t+1,2p72£2t+1,2p74---£2t+1,0

-1
= L2t+1,2p71 £2t72p73 e -£2t,fl L2t+1,—1
TV

Moy, —1

-1

— L2t+1,2pM2t,1L2t+1,0'

It follows that the trace of the monodromy matrix is translational invariant, i.e
Mg = Mgy 1 = Mgy < tr Moy = trMy 4

and that

M1 = Moy & 1rMoy10 = trMoyq,

which means that the trace of the monodromy matrix is invariant under light
cone shifts.

Theorem 3.5.2 [52] If the edge algebra is formed by periodic generators
{(Uir)keqo,..20r (Vig)keto,.2pr} (t € Z fized), which obey ultralocal commutation
relations then the trace of the monodromy matrix is expressable in terms of the
face variables {(Pa—1,2k)kefo..p—1} (Pot2k41)kefo..p-1}} O
{(P2t+1,2k)k€{0...p71}(P2t,2k+1>k€{0...p71}} respectively.

Since we explicitly defined light cone shifts within the algebra generated by the
face operators (compare 3.4.6) we have henceforth found an automorphism on
this algebra which leaves the traces of the monodromies invariant.

In terms of a physical interpretation the above light cone shifts can be under-
stood as a fourier transform followed by time evolution.

In the following we will study the above introduced integrals in the simplest
case, namely for p = 1.
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3.6 The quantum pendulum

In the case p = 1 we have the following situation :

P23
@

Choose t = odd. Let L;j and P, ;_; be defined as before (3.3.6,3.3.5).

o

trLisLisliiLeg = (€775 + he) + e e? T + he) (3.6.82)

- GZA(G_i%_iQt (Pa+Po+ (1+e*)Pq1+ kq%Pt—l,IPt,Q

1
+ Eptyoptflyl) + hC)

—1
2

where PP 2 = elat, P11 Py3 = e®-1 and h.c. stands for the hermitian
conjugate. For homogenity in time we demand that

=01 & PoPo=P_11P 13 (3.6.83)

hence ar = a = const. for all T' € Z, since ar = ary9, ar_1 = apyq for T € 7,
by the evolution of the face operators.

We consider again the root of unity case. Let Py = P and P = P}, so that
the evolution automorphism is given via conjugation with an evolution matrix

(compare (3.3.43)). Define (¢t = odd):

P, = eZ:aQtfl P13 = eziaQtill
Pt,o = Qs Pt,2 = emQt_l

Following the construction in the previous section the evolution automorphism is
given by the conjugation with the matrices:

R, := Ri(q? €3Q)Ri(q'3Q; ") Rir = Ri(q* Q) Ri(q* 2 Qun)

for even and odd time steps respectively. The shift automorphism is given by
conjugation with the matrix

S; 1= Ro(ei%th)RO(ei%Q;l)RO(ei%Q;jl)

and hence
StQt—lsfl = Q.
Define U:= R;S;. Following proposition 3.4.6 we find

Qt—i—n — UthU_n.
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The evolution equation reads as (¢ now arbitrary):

k+q2e2Q, k+q2e2Q,
14+ kqze2Q, 1+ kqze'2Q,

Quy1 = (3.6.84)

The only nontrivial term in (3.6.83) is the e?* term, which will be called Hy(a):
a — — m R
Hy(a) = 2cos §(Qt—1 FO + Qi+ Q) +R(qTQiQr + ¢ Q' Q)
]- m — —_m —
+E(q 20, 1@1571 +q 2 Qt,lth)- (3.6.85)

The equation (3.6.84) for the case & = 0 can be viewed as a discrete version of
the pendulum equation

Qu = 4sin@Q.
therefore the above sytem is called a quantum pendulum. The integral (3.6.85)
is called hamiltonian of the quantum pendulum. It is related to an important

hamiltonian appearing in solid state physics, called the Hofstadter hamiltonian
(see e.g. [31, 33, 55, 17, 18, 3, 37, 35])

Proposition 3.6.1 Let Hyop = T + T* 4 +(S + S*) be the Hamiltonian of the
Hofstadter model with ST = e"TS; o = iry, then with the Substitutions:

Q, =e"?TS  and Qn_q = e /*TS*

one has: .
kH?{Of — (k+ E) = Hy(v) (3.6.86)

The relation to the "real pendulum” can also be found by reconstructing phase
space via Husimi functions. The below pictures are done in the following way.
First we construct a coherent state Wgg, which is characterized by the fact that
the probability distributions of both observables @), and @),_; are maximally
localized around () = 1. The state Wy can be obtained as a solution of the
following variational problem. First one should consider a set S, of states with a
fixed value of Re< ®|Q,,|® >

Sy ={PeH|<P,P>=1,Re < ®|Q,|P >=a}.
Here H is the Hilbert space, which is H = C" in our case. The maximum

b= gle%}iRe < P|Qy_1|P >

is achieved at some state ®“, which is equal to Wy := &%, when b = a. In fact,
Uy is the ground state of —(Q, + Q) + Qn_1 + Q}_1).

Then we obtain states Wy; = QQQ;A\IIOO which are localized around the point
(e2mik/N e2mil/NY i the classical phase space S' x S'. To make a picture of an
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eigenstate ¥ € CV we then display the ”Husimi function” (k,1) — [{¥, ¥})|? by
grey levels. The pictures are done for the case k = 0.7 and N = 31 in ascending
order.
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3.7 On the spectrum of the quantum pendulum

3.7.1 The method of Bethe ansatz

The determination of the spectrum of the quantum pendulum hamiltonian, as
well as the Hofstadter hamiltonian is not straight forward. In fact only a very
few analytic solutions to this eigenvalue problem are known.

The following construction would give the Eigenstates and Eigenvalues of
the hamiltonian of the quantum pendulum, if one would and could solve a set
of algebraic equations - the socalled Bethe ansatz equations. The technique of
Bethe ansatz was developped in numerous papers, starting with a paper of Hans
Bethe [4]. References to the ansatz used here can be found e.g. in [17, 32, 55, 50].

As in the last section we will consider the case of periodic edge operators
obeying ultralocal commutation relations (case b =0, ¢ = 2a in (5.1.11).

The operators L; ;(\) (see (3.3.6)) satisfy the socalled fundamental com-
mutation relations:

RN = ) Lek(A) @ Lyje(p) = Lew(p) ® Lep (AN R(A — p) (3.7.87)

where R(\) is the R-matrix of the Sine-Gordon model (see e.g. [32, 46, 51)):

1 0 0 0
0 b(A) ¢(\) 0 DA =) = S
R()\) = and A
=10 e ) o CN—p) = SHoma
0 0 0 1
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As a consequence the traces of the monodromy matrix M;(\) commute for dif-
ferent values of \:

tr(R(A — p) Lyop-1 - - - Leo(A) ® Lyop-1(p) - - - Leo(R) R(A = 1))
— M\ -t M () G M ()t M ().
Since the matrices L, are ultralocal and periodic we can choose a representation
such that
Lt,k = ][ ®][Lt®]l ][

where L acts on a local Hilbert space by = h and L;; on ”big” Hilbert space
R b

Assume there exists a state w; € b such that

I . a; by . a; by
Wy = c. dy Wt = 0 d, Wt

where a and d shall be the eigenvalues of the operators a and d, respectively.
Let Q@ = @7, w, then (3.5.81)

th:me_l(x)...Lt,O(A):(é{ig; 20 ): (atpo()\) f((y) )

Hence if there exists a state w then the construction of an eigenvalue of A and D
becomes considerably easy.

Moreover the fundamental commutation relations (short FCR) given in (3.7.87)
gives us commutation relations between the operators ag, by, ¢y, d¢, which include
in particular the following two equations:

b)) = b= AbeN)ac()
dy(\by() = C(A—l_mm(u)dtm—b(A—u)btu)dt(m) (3.7.88)

These relations hold of course also for the elements A, B, C, D of the monodromy
operator. Hence using

and (3.7.88)one sees that
(A:(A) + Die(N) Be (1) = By(p) (Ae(A) + De(N))$2% = (a?p()‘) + d?p(/\))Bt(N)Qt,
if there exists a 1 € C such that

b(p — A)
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[. e. in this case B;(u)(2 is again an eigenstate of the trace of the monodromy
matrix. Repeated use of the above gives finally that

(A,(N\) + DeO) B, (M) Bi(Aa) - .. BiA) = A A s M)k

where
2p 1 2p 1

ANAL A M) =a? (V) ] ] EEYEDY) +d'W ] ] cA=N)

=1 =1

and A, A\g. ..\, are solutions to the Bethe ansatz equations:

~ c(Aj —N\) dfp
| | — — - =0. 3.7.89
C(/\l — )\j) afp ( )

For more details see please [50]. In the following section we will construct a
vacuum state (), and Bethe ansatz equations for the quantum pendulum with
special values of the parameter «.

3.7.2 Bethe ansatz for the quantum pendulum

Let
0 0 0 1 1 0 0
10 0 0 0 g O
i _ in 010 0 oi® — it -0 q2 0
. .o . 0
0 1 0 0 0 ¢!

be B times B matrices acting on Hilbert space CP provided with an orthogonal
basis by the vectors ¢; = (0,0,...,1,...,0)T. Let

ezl_ll — ezH ® 1 ezHg -1 ® ezH

analogous for ¢®. By the ultralocal commutation relations of the edge operators
e’ and e | i = 1,2 are possible representations for the following operators
along a Cauchy zig zag C; :

. Op

iI1 —1

etk = UV

. Op

i —177—1
ke —

etk = U Uy,

hence we will from now on skip the index "Op” . For simplicity we will also skip
the time index, if clear what is meant . Note that ¢** = ¢~ % = ¢. The operator
Oy -1 defined in (3.3.5):

ia —1
e* = Opp—1 =V Vik-1Uik U1
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commutes with all elements e+ and e!®tx and will be henceforth treated as a
number. Taking the product of two L-matrices we find (n — t even)

emin _ o2 ibntia il (gi®n g
Lin(AN) Lip1(A) = ( h_ (¢ q)e~ M ¢i®n _ e;)\(eicbnz)a (3.7.90)
with ‘ ‘
h+(€%¢", Cl,) — 6/\+w + 6/\7w62z‘1>'n+aq71
h_(e® a) = eMv et we2®n=eg  wherea € R;\ € C

The relation to the monodromy of face variables is given by (cf. (3.6.83)

Pt—l,lpt—1,3 — efi(alJraz) 701
Pt OPt2 — €2i‘1>1+2i<1>2+ia1+ia2 (3 9 )

That means that although P, P, 2 is a Casimir within the algebra generated
by the face operators, it is not a Casimir within the algebra generated by the
variables ellln; ¢/ =1, 2.

The monodromy matrix of the quantum pendulum was given by the product
of four L-matrices.

= samminninnn = (&3 53)

Hence we need to find a state 2 € C® which gets annihilated by the operator

C(\) = —e*h _( a2)e—iH2+i<I>1+ia1+e—i@g—z‘agh_(eﬂbl’al)e_z‘]‘[l)
O (e, ag)e M1 4 (B2 _(¢F1 g, ),

Let us make the following ansatz for a vacuum state

B-1
Q=Y f(@)es @y,
=0
hence we get the condition
e—ial—’iag — 62i91+2i92—22 (3792)
and the functional equation
f(qj) _ _qu€i91+i92€in27in1 h_(e Zelq] a)
fl@th) h- (€277, as)
i.e. with z;:= e?f1tiarg%
f(z)) = ettt gine—im 1 k +ij (3.7.93)
f(z41) 14+ kx;
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where k = kg~'. Note that

Pt,OPt,ZQ _ e2z‘1>2+2z‘1>1+za2+m19 _ q72z€2191+2192+za2+m1+2Q _ q2Q

by condition (3.7.92). On the other hand we have already demanded (3.6.83)
that o
Pt,OPt,Z = Ptfl,lpt—lgg — e_('lal-i-zag)

o] +iag |

Hence the functional equation reduces with e 2z~ = ¢ and condition (3.7.92) to
f(z;) — _geimimg k +~xj .
f(@j1) 71+ ka,

Which can be straightforward solved by use of theorem (3.3.5) if we restrict the
factors e and e appropriately [38].Hence we have constructed a state Q such
that

C(A\ p)Q=0.

Moreover

A ANQ = —101—162 _z—1 4N _i01+102+iaq+ias —z+1 2Nz —if01—ib2 [ — —|—k3
(A) € ¢ +ee g +er(qe (£ + k)
ia ia 1
_ e%(qfl + 64)‘61 + 62)\(% + k))

Following the method of the algebraic Bethe ansatz, together with the fact that

A(N) = D(N).
we could solve the eigenvalue problem
(A(X) + D(N))B(AM)B(A2)...B(Ak)Q = A(X, Aqy Ag, ooy M)

if we could find Ay, A9, ..., A\ € C as solutions to the Bethe ansatz equations
(e =: z,):

k _ _
[[ 29 e O FG (k)
1

= . 3.7.94
ALzt — 2 gt 2Z2q+ 2k 4 ) ( )
N
1=1

Moreover it can be shown that with
(bl()\l, )\2, ceey )\l) = B()\l)B()\Q)B()\l)Q

one has

\V Pt,opt,2¢l(/\1, A2,y Al ,0) = q_(l+1)¢l()\1, A2,y Al P)~
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Consequently if we define e = ¢~V we know that ¢y pj(Ai, A, ..., ) is a

j’th eigenstate of

2 cos %(Qn +Qn+ Qur + Q) +R(gQLQ 1 + ¢ Qu1 Q).

H =
+ %(q_lQnQZ—l_}_QQn—lQZ)

So the algebraic Bethe ansatz of the generalized Sine-Gordon model would - if
one could solve the Bethe ansatz equations and if these are sufficient - give the

spectrum of the Quantum pendulum for all ¢/ = ¢~(+D,

Unfortunately e.g. the square lattice Hofstadter hamiltonian doesn’t fall into

this class, since there e = g.
In the following figure we see how the eigenvalues of €2 are distributed within

the band spectrum of the Quantumpendulum for £ = 2. On the y-axis are the
values of «y, where ¢ = ¢ and on the x-axis are the values of the energy given.

10

-10
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The eigenfunction €2 in a representation with N = 41 and k£ = 2.

10 20 30



Chapter 4

Other applications of the s-(G
equation

4.1 Elliptic billards and the pendulum equation

4.1.1 Planar billards

Let
r: [0,2r) — R?

"o ()

be a closed regular curve, algebraically given by the zero’th level set of a function
f:R* = R, f(u(t),v(t)) = 0 with grad f|, # 0 for all z € R®. Assume that
grad f|, # 0 points to the outside of the curve for all times . We imagine a
force free point mass sliding inside the region in R, which is bounded by x. Once
in while the particle will elastically hit the boundary at a point x; = x(t;) and
will be reflected according to the law of preservation of momentum, which means
in R? that ”incoming angle = outgoing angle” and that the absolut value of the
momentum is preserved. The motion between two impacts is force free so the
point mass will move on geodesics which means in R? on straight lines.

Let us denote with y; the momentum of the point mass before the k’th impact
and with y,,1 its momentum after the k’th impact on the boundary. Since

Y| = |yps1| we set |yi| = const. =1, i.e. y, = —2—%=L inside the billard.
+ lzp—zk—1]

Definition 4.1.1 The evolution of a particle hitting the boundary N times is
given by a sequence {(xo,Yo), ..., (xn,yn)}, where (xg,50) € R* x R? are fived
initial values and (x,yx) are determined via the the equations of motion:

Ti+1 — Tk = Mk Yk+1
Yey1 — Y = Vg grad flg,. (4.1.2)

95
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The multipliers py, and vy have to be determined by the conditions (f defined as
above)

el =
flzx) = 0, f a xp€x

i.e. pg has to be a unique nontrivial (if existing) solution to

f(yrsr +a5) =0 (4.1.5)

and vy, is defined by
(grad flu,, yr)
<g,radf‘xk7 gradf‘xk>’

where () is the usual euclidean scalar product.

(4.1.6)

V = —

The first evolution equation (4.1.1) reflects the fact that the momentum is
parallel to the difference of two consecutive impact locations (see Figure below).
The second evolution equation (4.1.2) refers to the law of incoming angle equals
outgoing angle, which means that the diagonal d of the parallelogram spanned
by the unit vectors y; and yx1 is perpendicular to the tangent to the boundary.

Th+1

The above definition of a Billard evolution could be generalized to higher
dimensions, which we will not need in the sequel. A higher dimensional extension
of the above definition was proposed in [41] for the special case of the boundary
being an ellipsoid. If the boundary is an ellipse then definition (4.1.1) and the
one given in [41] are identical.

Besides the "unreal” assumptions in our model of a planar billard which are
that the billard ” particle” slides torsion- and frictionless over the billard plane and
other physical idealizations, the billard of definition (4.1.1) inherits an additional
"unphysical” feature. Let us explain this.

We observe that if one starts the billard evolution with a momentum gy,
which points from outside onto the billard boundary instead with a momentum

~ . . . . To—T_1
Yo = —Yo emerging from a virtual location x_y, i.e. yp = Pr—p
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71
then by (4.1.2) and (4.1.6)

d flug, U
g1 + Yo = —vo gradf |4, since iy = —2 (grad flag,9o)  _ v

(grad f|au,, grad flu)

hence

Y1 =~
From (4.1.5) we obtain as (per assumption) unique solutions to

f(poyr +20) = 0

f(iof +x) = 0
that

Ho = —Ho
so finally with (4.1.1)
Ty — o = MolYo = foYo-
This means that the further evolution of the impact positions x; will be the same,
regardless wether we start with the initial momentum yq or yo = —vo.
Physically, starting with a momentum ¢y, which points from outside onto the

billard boundary doesn’t seem to make too much sense. Hence in an appropriate
physical model one would may be like to exclude such unphysical initial condi-
tions. However this is not necessary, if one interprets the momentum g, not as
resulting from the a particle hitting the boundary from outside, but rather as
a backward in time notated momentum of a particle, which truly emerges from

r_q, i.e.
r_1 — 2o

Yo= 1T —"—7
|21 — @0

T(zk)
grad fla,

In short, since
(Tps1 — vg,grad fl,) <0 fa. z,€x
e <0< (ypr1, grad flz,) > 0.
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4.1.2 Yet another definition of planar billards

We will from now on provide the boundary curve x with an anticlockwise orien-
tation, i.e. the inside of x shall lying left to the oriented tangent 7.

Let x;, be a point on the boundary z. Let 4,41 be an arbitrary unit vector on R,
which is nontangent to x at xy. If

(Yps1, T(zx)) € (0,7) mod 27

=

<yk+1agradf|mk> <0& pu, >0

then let {x};+1}i€{172,,,M} be the distinct solutions to

7

Vst = o , (4.1.7)
‘xk-i-l — x|
if
(Yps1, T(x1)) € (m,27) mod 27
=
<yk+1agradf|zk> >0« M < 0
then let {xzﬂ}ie{l,gmM} be the distinct solutions to
T — l’i
e (4.1.8)
|Thy1 — Tk

The above reflects the previously mentioned "unphysical” feature of our billard
model.

We notice that if the region bounded by x is convex then there usually exists
one unique solution zj.1, which refers to the next impact location. In general
there will be more solutions zj,, to the above equations, i.e. more possible
candidates for a next impact location.

Tr Ll

3 3
T Tr+1

forward in time backward in time
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Let us define:

Z(IL‘Z-‘,—I) = |xi;+1 — Tk|;
Let

Tgy1 = JUZH

where 7}, , is such that

l(x;cH) = m’in{l(xi}“)}
for all solutions

xiﬂ € {zh 1 bicq2.m)

to (4.1.8). Hence the next impact location x4, is the solution j,, which is
closest to the starting location . If y,,; is tangent to = at the point x then
define xyy1 := .

With the above described procedure we obtain for any pair (zx, yr+1), defined as
above, a next impact location point zj1:

m:R?xR* — R? (4.1.9)
(Tr Yer1) = m((Tk, Yrr1)) = T (4.1.10)

Soon the map m will be used for defining an evolution on a planar billard, i.e. it
will serve as a substitute for (4.1.1). But let us first study (4.1.2):

Lemma 4.1.2 The equation

(k41— Yr, T(21)) = 0 (4.1.11)

Yk, T, as before is equivalent to (4.1.2) in the sense that for any given (zk,yx)
the solution Y1 is the same.

Proof:

(Y1 — Y, T(2x)) = 0 = Y1 — yx = vgrad f|,, for some v, € R

Hence
e — vkl* = 2 = 2(yrr1, i) = I//§|g7nadf|1'k|2
and
(Yrr1, Yr) — 1 = vilgrad floyr)-

(grad fla,, Yk)

=1, =0V, =-2
o o grad f,, ]2
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Definition 4.1.3 The evolution of a particle hitting the boundary N times is
given by a sequence {(xo, yo),

o (XN, yn)}, where (xo,70) € R X R are fized initial values and (x,yx) are de-
termined via the the equations of motion:

Tie1 = Tk, Yr1) (4.1.12)
{grad [fla,, yr)
Yet1 = wgrad flog +uyk;  vp = —
' (grad flu, grad fla,)
-
(Uk+1 — Y T(2)) = 0 (4.1.13)

yr and x as before, m as defined at the begin of this section.

Proposition 4.1.4 If x is a convex billard boundary fullfilling the preliminaries
of (4.1.1) then for any given initial condition (xq, yo) the evolutions {(xo, yo), .-, (TN, yn)}
obtained through (4.1.1,4.1.2) and (4.1.12,4.1.13) are the same.

Proof:
byl $ 2

Inserting y; = vograd f|xo + yo into (4.1.5) we obtain a unique py € R s. th.

T1 — To = MoV

Hence if
o >0 = |21 — wo| = polyn| = = U= \iiiiﬁ\
o <0 & |T1 — 20| = —polpa| = —p11 & 1 = ‘\i(f:;é\

Since the solution z; is unique the assertion follows.

2 <: 2

trivial by use of the previous lemmatas.

O

Concluding we find that if z is a nonconvex curve then it may happen that there
exists no unique solution g1 to the constraint (4.1.5): f(pgr1Ypr1 + xx) = 0 of
definition (4.1.1) [41]. So definition (4.1.3) is in this sense more general and should
be used if one asks the question wether a given evolution could be interpreted as
a billard evolution.

4.1.3 Making use of dim 2

In the following we will represent the billard evolution as defined in definition
(4.1.3) in special coordinates, which are very much adapted to the case of a two-
dimensional planar billard. In these coordinates the geometrical interpretation
of the evolution equations will become more apparent.
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Let

Y = ( o5 Ak > ze = 2(dy) = ( Zgz’g ) i= L) (@114

sin ay,

then (4.1.13):
<yk+1 - Yk, T(l"k» =0

(CoS Q1 — €OS )T + (sin a1 — sinay)v =0

If € (=5 +nm, 5 +nm),n € Z then

B 1+’ix‘
1 —iz’

2l

r=tana <& e T € R.

Hence if @ # 0 and “5% ¢ (—T 4 nr T + nr) then one gets using (4.1.13)
immediately the following equivalence:

v — tgn kLT Ok + o elowntiar — U
U U — 10

(¢r)

apy1toag
2

Consequently in this case o := is the angle of the tangent 7(xy) with the
positive z-Axis.
If w = 0 then 7(xy) is perpendicular to the z-Axis and depending on 7(zy)

N . .
SRR — 42 mod 2, so trivially if

. U =+ 10
u=0= - — =1
)]
The converse that if
u + 10 .
- —=—-1=u=0
U — 0

is also true, s.th. we have the following lemma:

Lemma 4.1.5 For

w= (G ) == (10

the equations

togy1tiog u+w

(Urs1 — Y, T(2x)) = 0 and e ) (4.1.15)

U — 20

are equivalent.
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In terms of the coordinates (4.1.14) the evolution equations in definition 4.1.3
read now as:

gionsr — _WOkr1) — ulp) +10(Prs1) — 10(Pr) _ 2(Prr1) — 2(¢n) (4.1.16)

|u(@rs1) — u(Pr) + iv(Pra) — v (Pr)|  [2(Prs1) — 2(¢%)
i+ i 2o
(6) = 22
Z(dn)
An immediate consequence of equations (4.1.16) and (4.1.17) is that if ¢p11 — ¢k,
i.e. if the particle "slides” along the boundary then equation (4.1.16) and (4.1.17)

become (modulo taking the right square root of (4.1.17)) equal to the equation
of the unit tangent in terms of the parametrization of the curve:

iak+1+iak —

e (4.1.17)

U — 20

i) — 2(Px) .
|2(¢)|

4.1.4 Billards with an ellipse as boundary
Lemma 4.1.6 Any symmetric Matrizx M € GI(2,R)

a b
v (i)
has two strictly positive eigenvalues iff a > 0 and det M > 0.

Proof:
The eigenvalues of M are

1
Mjp = glatd+ V(a +d)? — 4det M

29 :> 2 If

Mpz>0=a+d>+/(a+d)?—4ddet M > 0= 4det M >0=a>0,d >0
77<:77

a>0,detM>0=0<detM <ad = (a+d)*—4det M > (a+d)?*— 4ad
= (a —d)?
= (a+d)? —4det M € R

Since

det M >0 = \/(a+d)? —4det M < a+d = \; > 0AXy >0, as a > 0 and d > 0.

O
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Lemma 4.1.7 For any symmetric Matrix M € Gl(2,R)
a b
=5 a)

with both eigenvalues being strictly positive there exists a matriz g € GI(2,R)such
that M = gTg

Proof:
Let
a b 9
M = b d ) a>0, ad—b">0 =d>0
Define
a a
A—\@ C=\/32
Be—(b—detg) D= ——(b+detg)
= — ae = e
Vaa I V2a I
then with

=(2 )

we get gTg = M, whilst det g = v/det M > 0, so g € GI(2,R).
(I
Let M be a real symmetric matrix with positive eigenvalues. Hence the equation

(Mz,xz) —1=0 (4.1.18)
defines an ellipse centered around the origin.

Proposition 4.1.8

a.) For any solution x € R? to (4.1.18), there exists a matriz g € GI(2,R) such

that x can be parametrized by x = g~* ( Zi:z > ;¢ €0,2m).

b.) For any g € GI(2,R) the curve v := g~ * ( Z?EZ ) ;¢ €10,2m) defines an

ellipse centered around the origin.

Proof:
Let x be a solution to (4.1.18), then by Lemma (4.1.7) there exists a matrix
g € GI(2,R) with M = g*g now:

1= (Mz,z) = (9" gz, 2) = (9" 997 'y, 97 'y) = (v, y)
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[ coso 1 coso \
ﬁy—(Sanﬁ)ﬁx_g (sinqﬁ)’ ¢€[0,27T)
On the other hand, if

zi=g! ( ijj ) ;¢ el0,2m)

then define M :=g7g = (Muz,z) = 1 describes an ellipse centered around the

origin, as g’ ¢ has only positive eigenvalues which can be seen by using (4.1.6).
O

Now after all this technical remarks let us finally find the evolution equations
for a billard with an elliptic boundary. Let g € GI(2,R) with

let

In complex notation we get:
z=u+iv= Ae" + Be
where
A = %(A—I—D—i(B—C)) (4.1.19)
B = L(A-Dti(B+C) (4.1.20)
So from (4.1.12)

2ren) —2(dn) _ A — %) + B(eTinn — i)

elak+1 — —

2(Brr) = 2(61)] A1 — ) + Bleo — e )]

hence Aot +is
. Wr+1 TPk . B
S —— (4.1.21)
A — BeiPkt+1tidu

Inverting (4.1.21) and inserting into (4.1.13) we finally obtain the equations of
motion for the billard with an elliptic boundary:

, , Ae?ortt — B

irpa+id _

Gt L (4.1.22)
o Aeioc — B

giowrition . _Z° (4.1.23)

A — Beitr
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Theorem 4.1.9 The motion on a billard with elliptic boundary is integrable and
symplectic.

Proof:
Taking the square of both equations we get:

A€2i06k+1 _ B 9 A262iak+1 + BQe—QiOék+1 _ 2A$

2ippp1+2ig . (_ _ = —
€ ( A — Be2iak+1 A2672iak+1 _'_ B2€2iak+1 _ AB\4124)
i 2.2 2 -2
iz, ( ACP =B, Al 4 Bl — AB (4.1.25)
A — Bei%k A2e=2%k + B2e2%9x — AB o
we see immediately that (4.1.24) and (4.1.25) are of the form as in Theorem
(4.1.11).
O

4.1.5 Extending the billard model

We already showed that the discrete pendulum equation:

Ugpr1 — Uge + U1 = f(UQt) (4126)
with by 4 amy ko +
. 1T ATy Ry T QT
u)=—1i Ln
fu) (1 + kiaxy 1+ kyoxy
permits even in the quantum case an integral of motion. For the classical system
k1, ks need not necessarily to be real, there exists also an integral of motion if

ki, ks € C. Tt was found by Suris in 1989 [48].
We suggest an extension of the above classical model.

), where z = ™

Lemma 4.1.10 The time evolution given by the following map on phase space:

T:-RXR — RXR

(U2t+1, UQt) = T(U2t717 U2t72)
U2e+1 = h1(u2t) — Ug4—1 = hl(h2(u2t—1) - U2t—2) — U2¢—1
Uot = hg (Ugtfl) — U2t—2, where hl € Cl (R) (4127)

1S area preserving, hence symplectic.

Proof: The proof is straight forward computation:

0 0 0 0
Ut+1 U2t U2t+1 U2¢ _ _h/l (u2t)h/2(u2t_1) + 1 + h/l (Ugt)hé (u2t_1) -1

ath—l ath—2 3U2t—2 ath—l

O
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Remark: The above map can also be viewed as the composition of two symplec-
tic ”half-time” mappings 77 and T5:

U2¢4+1 U2 U2 U2t—1
t+ —-T t t —T t
U2t U2t—1 U2t—1 U2¢—2
U2t = Uy Uy = h2(u2t71> — Ugt—2
U2¢+1 = hy (Uzt) — Ugt—1 Ugt—1 = U—1

If Ty =T, =T then it clearly suffices to study the ”half-time” evolution 7" only.

In the following we show that there exist functions h; € C'((—n,])) such
that the above system is integrable. Let us restrict u to u; € (—m, 7]. The map
x; = €™ is now an isomorphism and we can for simplicity rewrite the evolution
in a multiplicative way. Note that the phase space is now S x S'. wu, is now
looked at as an angle.

Theorem 4.1.11 Let x; = €™, u; € R i.e. Ty = zit The time evolution shall be

given by
d_Q C&l -+ Ba1 + Bdll';; + lef% 1 _ _
= (=== _ - _ E = _ 4.1.28
v = (50 + Ba, + Bd, 75, +0d1x;;) P T = filon)Ta (41.28)
d, Cay + Bag + Bdoz , + Cdo2 , 1 _
Lot :( ! 2 2 222 bl 1)61 Tot—2 =: f2($2t71)9€2t72

d_l éaz -+ Ba,z + Bd_z.i';%_l + édzl’%_l
(4.1.29)
with d;, a;, B,C' € C, €1, €5 € R are arbitrary, then

H(zp,x41) = Cwi(wor)wa(or) + Oy (22)0(T2441)
-+ Bwl(l'zt)wz(l'thrl) —+ B’U_Jl (xgt)wz(l'thrl) (4130)

where

wi(zy) = a1+ x5d;

€
wa(Torr1) = a2+$2i+1d2

is an integral of motion, i.e. H(Ta, Torr1) = H(xop, xor—1) = H(To4_o, To4—1) =const.

Proof: wy(xat41) = wa(wa—1) + da(25, — 5;_), hence
H(wg, w941) = H (w4, v90-1) + R where

R C:Y’LUl (l‘gt)<l'§%+1 - x;i_1)d2 + CU_Jl (x2t)(f§%+1 - E%—l)a;
Bw, ds

w (:mt)(ivgiﬂ — x5 1)dy + Bw, ($2t)(f§%+1 — 5 _,)

+
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So H(xa, wory1) = H(woy, xep—1) if R = 0. But R = 0 gives us the evolution
(4.1.28):

Top1 — Tog_ydy o2 Bwi(wg) + Cy(xy)
T Za = 5 T ($2t+1$2t—1) = = 3 =
Toy . — Ty da do By (z9) + Cw(wy)
Ba1 -+ CC_ll + Bdll'zt —+ Cdl.f'gt

= — — —— = = R - O
Bdl + C’a1 + Bdlff‘gt + Cdll'gt

In the same way using (4.1.29) we finally obtain H(xo, oi11) = H(T2—2, T2t—1)
O

Corollary 4.1.12 The generalized discrete pendulum equation

]{71 + axy kQ + axy

. ki, ks €ERae S
1+ kiaxy 1+ koo b2

Ti41T—1 =

15 integrable.

Proof: Let us for simplicity compute the integral for k; = ko. From the above
we get immediately that

k(a+ @)
B == 1 C = k2 = ——
) ) = 1_'_ ]{72
and hence a corresponding integral of motion is:
1
EH(xt,l, .Tt) — (1 —+ ]{]2)0/2 = (Oé -+ O_é)(l't +T+x1 + .fi'tfl) (4131)

+ k(g + TT) + E(%ft—l + Typ_1).

O

If one redefines the evolution variables by multiplying them with a constant
phase factor & = ye' then f7*“(y) := fi(ye'®*) and f2<“(y) := fa(ye'®?) could in
principle become identical mappings on S', i.e. [l (y) = fr<¥(y) for all y € S*.
In this case the evolution will be of standard type, as described in [48]. The
following lemma shows that there exist evolutions, which are nonstandard also if
one takes the above redefinitions into consideration.

Lemma 4.1.13 There exist functions of the form f; : St — S1

hi(2) A, + Dz + Ex ho() Ay + Dz + Ex
xTr) = = — = Tr) = —= —
! A, + Dz + Ex ? A, + Dz + Ex
such that the evolution given by

Tor1Toy1 = fi (1U2t)

f2($2t—1)

Lot Lot—2
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1s different for even and odd variables, also if one redefines the evolution variables
by

Yoty = Tyyre N
Yo = Tye ' (4.1.32)

Proof:
Without losing generality we assume D # 0, £ # 0. Since our evolution variables
are S'-valued we can rewrite our evolution functions f; and f, as:

(@) Az + Dx*+ FE
T) = = =

! Az + D + Ex?
hence with (4.1.32) we get:

(@) Asx + D> + E
) = = _
2 Asz + D + Ex?

672i¢>1 (A1€i¢2y2t + Dezid)Qy%t —+ E) gl(th) new

Yatr+1Y2t—1 = Ay + D + Eetitay2, = 91 (y22) = S (yar)
Yorlor 2 = e 202 (Age' M ypy 1 + De¥Py3 |+ E)  ga(yz1) 3 (Yot—1)
t t— — - . — . —. — t—
AgeiPryg, 1 + D + Fe?itrys, | 92(y21-1) ’
If

91(y2t) _ 92(Y2e-1)

G1(yat)  Ga(yae—1)
for any y € S', we know by the Cauchy Integral Formula (since g;g» and g, are
holomorphic) that the equality must also hold for any point inside the unit disc.
In particular

= 91(Y2t) G2 (y2r-1) = 92(Yor—1) 1 (yar)

= 91(0)92(0) = 92(0)g1(0)
& elhide _ Ligp

where D = |D|e’®P. Hence €172 = 0 is a necessary condition for fre¥(y) =

new(y),  y € St The evolution satisfying this condition reads now as:

Aye™ + | Dlyy + Be-#1-itag,,

1 (y2t> Alez‘qﬁl + |D|g2t + E’ei¢1+i¢2y2t
new ) Age™2 4+ | Dlyg_q + Be 017255,
2 \Yai-1 Agei®2 + |Dlijgs_1 + Eeitrtidagy,
But choosing ys; = y2;—1 = 1 and then yy; = ya;_1 = —1 as points on S we see

immediately that if A;A2e™®P # A} A2e™®P then fI(y) # faev(y).
The same argument works if one makes the redefinitions:

Yorr1 = Tgpyi€ Yorr1 = Toppie 9

Yot = Tope 02 Yoo = T 2
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4.2  O? Invariant Chiral Model, Neumann Sys-
tem

A weak Chebychev net in S? was a map (1.2.10) N : Z — S? C R® such that

<Nn,m7Nn+1,m> = <Nn,m+1aNn+1,m+1> = C0851
<Nn,m7Nn,m+1> = <Nn+1,maNn+1,m+1> = C0552

if in addition
Nn+1,m + Nn,m-‘,—la Nn,m>
||Nn+1,m + Afn,m-l—l”2

Nn+1,m+1 = 2< (Nn+17m + Nn,m+1) — Nn,m (4233)

then N is a lorentzharmonic weak Chebychev net in S?

Proposition 4.2.1 (Bobenko,Pinkall [7]) Any lorentzharmonic weak Chebychev
net in S* N : Z — S? C R? is the Gauss map of a discrete K-surface, which is
determined by N uniquely up to homothety and translations.

Definition 4.2.2 If §; = 5 we call the above defined N forms a lorentzharmonic
discrete Chebychev net. Such a discrete Gauss map will be also called discrete O3

Invariant Chiral Model (see also [44] and (1.1.2)).

Definition 4.2.3 A rotational invariant lorentzharmonic discrete Chebychev net
15 a lorentzharmonic discrete Chebychev net with the properties:
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a.) All points Ny, ., for a fized initial time t = n+m = 0 lie on a circle henceforth
called time circle.

b.) The angles in an initial Cauchy zig-zag (...Np+1.m, Noms Nomt1, Np—1m+1---)
are equal for a fized time, i.e. if wy,, s the arc defined by the arcs

Wn,m = (arC(NnJrl,ma Nn,m)a arC(Nn,ma Nn,erl))

. . De De .
in a spherical square then wy, p, ) Wn—1,m+1 ) wo forn+m =0 and if

W;L,erl = (aTC(Nn,ma Nn,erl)a aTC(Nn,erla anl,erl))

Def Def
/ /
then w01 = Wiy, = wi forn+m=0.

Let d; ; be a great circle which cuts the per assumption nondegenerate angles wy
and wy, respectively into halves at the point 1V; ;.

Let us call the great circle, which is parallel to the time circle ¢ = 0 the
equator.

Lemma 4.2.4 All d;; (defined as above are perpendicular to the time circles
t = const if the nondegenerate evolution takes place between the equator and the
north pole (see Figure 1).

Proof:
Let the evolution be as in (4.2) (see Figure 1). d, ;41 with n+m = 0 is parallel
to the height of the spherical isoceles, which is defined by extending the arcs
between N,,,, and N, 41 and the arcs between N,,_; 41 and N, 41 to the
equator. Hence d,, ,,41 is perpendicular to ¢t = 0.

Since all arcs of the initial cauchy zig-zag have the same lengths and d,, 41
is perpendicular to ¢ = 0 the distance between N, ,,,4+1 and the time circle t = 0
is the same for all V,, ;41 with n +m =0 . Hence ¢ = 1 is parallel to ¢t = 0.

Since ¢t = 1 is parallel to t = 0 and the arcs arc(Np+1.m, Nn+1m+1) and
arc(Np+1,m+1, Npms1) with n 4+ m = 0 have the same length , it follows analo-
gously that ¢t = 2 is parallel to ¢ = 1. Note that d,, ,, is defining the diagonal in
the spherical square (N m, Not1.m, Not1.m+1, Nnm+1) and that d,, ., is parallel to
the height of the isoceles defined by the extended arcs between Ny, i1 m, Npt1,m+1
and Ny, ,41. It is perpendicular to ¢t = 0,1, 2.

By induction it follows that the d; ; are perpendicular to all t = const.

Moreover it follows analogously that all points N, 4 m4r With n 4+ m = 0 lie
on dp, .

If the evolution runs backwards, i.e. starts in a small circle around the north
pole down to the equator the same arguments apply.

([

If the evolution crosses the equator or the north pole, respectively then the ar-
gumentation gets a little more subtle. In particular here sometimes degeneracies
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occur. In the following we want to exclude these cases and investigate only pieces
of the surfaces which are defined on the above mentioned wellbehaving strip.
By Lemma (4.2.4) all d; ; meet in the north pole. Let U(¢o) be a rotation
around the pole axes, which rotates the great circle d,, ,,, into d,,—1 p41, n+m = 0.
Let U(¢1) be a rotation around the pole axes, which rotates the great circle d, p1
into d,,—1,m+2, n+m = 0. Since d,, y,41 cuts the time line arc between N,, ,, and
Ny—1m+1 into halves it follows that U (%) rotates d,, , into d, 41 and finally
that U(%L)U(%) = U(¢:). Hence the longitudinal angles ¢; and ¢y are the same.
By Lemma (4.2.4) and the fact that the d; ;’s are the diagonals of the funda-
mental squares in our Chebychev net we see that for a rotational invariant Gauss
map it suffices to know the evolution of N along a fundamental strip defined by
two consecutive great circles d,, 41, and d,, ,,,. By rotational symmetry we recover
the rest by a rotation with U(gg)*.
0
Let us choose a coordinization on R? such that dpm = cost |. for fixed
sint
n,m € N. By the above we know that

0
Notjmei = | Nitjmii j €L
2+j,m+j
In addition we know that the rotation around the z-Axes U(¢y) turns the normals
Nitjtt,mtj 080 Nt jimt i1

cospy —singg 0

U(pog) :=| singy cos¢y 0 (4.2.34)
0 0 1
Notjmjtr = U(90) Notj+1,m+ (4.2.35)
The same holds for the normals along the neighbouring great circle d,, ,:
Notj-tmrir1 = U(d0) Nntjm+j (4.2.36)

Let us study the evolution along the above described strip. Inserting into (4.2.33)
and using (4.2.35) and (4.2.36) we have to distinguish two equations:

Let
®o %o

G = U +U(F) (4.2.37)

9 (Notjr1,mtj+1 + Notjmejrzs Notjmej+1) (N
n

Notjtimtjre = +i+1,m+j+1

[ Notjtt,mjtt + Notjmejol?
+Notjmiir2) = Notjmeiri
NG U(%) Nn+j+1,m+j+1>Nn+j,m+j+1>GU(@) N ,
- QU %0 N . ‘ 5 9 n+j+1,m+j+1
|| ( 2 ) n+]+1,m+J+1||

—Nntjmtj+i (4.2.38)
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and

9 (Notjttmrs + Notjmrjrts Notjmrs) N
(Nn

Nogjtimtjtr = i1 me

[Nt jt1mas + Noggmeja
+ Nt jmtj+1) — Notjmej

_ 2(0[](%)*Nn+j,m+j+1aNn+j,m+j>GU(@)*N o
IGU(%)* Nt g/
Nosimes (4.2.39)
Note that
G, U(%)] =0. (4.2.40)
Define
Qi = Nutjmij @i = U(S) Napjmij
P = U(%) Najmts Pojy1 = Notjmti+1
Hence 5 5
G2j = U(jo)*sz and  goj41 = U(70>*p2j+1 (4.2.41)
Inserting p and ¢ into equations (4.2.38) and (4.2.39) we get:
<Gp2j+2ap2j+1>
. ) G Doi o — Doy
p2]+3 HGp2]+2”2 p2]+2 p2j+1
<G 42j+1, Q2j>
2542 ”GQ2J'+1”2 2j+1 27
Using (4.2.41) and (4.2.40) we get:
Do\
q2j+1 = U(io) D2j+1
(GU(%) g2, U(L) q2j-1) , . o Po ®o .,
= U@ e 2 CUG) e UG e
9 ) 425
<GQ2j7Q2jfl>
= 2" LG gy — Goi
1G g2 1~
In the same way:
®o <Gp2j717p2j72>
=U(=)ge =2 Gpoi1 — Gai_o.
p2_] (2 )QQ] HGp2j,1H2 pQ] 1 q2_] 2

As expected the evolution of ¢ along the circle d, ,, and of p along d,, ;,+1 is

exactly the same:

(G s gr-1)
=2—————Gqr — @ 4.2.42
Qk+1 1G aull? Gk — qrk—1 ( )
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In the previously introduced euclidean coordinates on R? ¢;, can be parametrized
as follows:

0
g = | cosay a € (0, g). (4.2.43)
sin oy,
Hence (see 4.2.34)
cos /2 0 0 0 0
Gaqp =2 0 cosp/2 0 cosay | = | cosp 0 COS
0 0 1 sin ay, 0 1 sin ay,
Define
C =2 cos$/2 0 and vy = oM )egt
0 1 sin oy,
then the evolution of vy is given by
(C™ g, vg—1) 1
Vk+1 = QW C™ vy — vy, (4.2.44)

The evolution defined by (4.2.44) is called a discrete Neumann system [41],[42].
If the Matrix C~! is not diagonal we call the evolution defined by (4.2.44) an
extended discrete Neumann system.

Let A := a1 +ias, B := by +iby, ay, as, by, by, & € R. The equation

4 4 Ael 4 Be~iow
o1 tlog—1
e = Ao i "+ Beiow (4.2.45)

is called the squareroot of a discrete pendulum equation and appears also inthe
theory of billards (cf. last section). [6].

Theorem 4.2.5
An evolution sequence (' )ren belonging to the evolution defined by the square-
root of the discrete pendulum equation with ay,as, by, by € R and the initial angles

e*0, g™ &
(( COS ))
sin ay, pen

to the sequence
belonging to the evolution defined by the extended discrete Neumann system with

ct.= ( a1+ by —a ) and 1nitial vectors ( cos Ao ) , ( cosa ) .

as +by a; — by sin ay sin o

Proof:
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2 é”
i . A e’iock _'_ Be—’iak . )
1041 10 —1 —lg—1 10 —1
e +e T o - Boar © +e (4.2.46)
Re[(A e + Be k) iak-1] - »
2 . A A 4+ B e
HA@ZO"“ _'_Be_mng ( e +be )
Now if
2y = xp + 1y, and z,f': ( Tk >
Yk
then (wf, wl) e = Re(wyw,). Furthermore
z=Ae" 4 Be "™ = (ay+ by)cosay +i(ay + by) cos ay
+i(a; — by) sinay, — (ag — by) sin
(4.2.47)
r_ [ a1+b by—ay Cos vy
== ( as +by a3 — by ) ( sin oy, ) (4.2.48)
Inserting (4.2.47),(4.2.48) into (4.2.47) finishes the proof.
= The complexified extended discrete Neumann system reads as:
ekl -1 = 1y (A ' 4 Be i) vp €ER
ezlakﬂ + ewﬁkil _ 1% e + Bﬁizak _ eiak+1+iak—1
e~ 10k+1 4 e—i0k—1 A e—iak + Beiak
O

In our application C~! (4.2.44) is diagonal and we find that the evolution equation
for the height « of a rotational invariant surface (see (4.2.43)) is given by

eQiOék + k
1 + keZick

o1 +i0k—1

(4.2.49)

e

®
1—cost
Z = —tan??

1+cos§ 4

with k = —

Proposition 4.2.6 The double of the height o of a rotational invariant surface
defined as in (4.2.43) satisfies the doubly discrete pendulum equation

qk+k)2
1+ kqy

Qk+19k—1 = (

for k = —tan?2, gy = e¥x.
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Since we know that the angle w between the edges of a fundamental face of the
rotational invariant Chebychev net on the two-sphere satisfies as well as the above
a the doubly discrete pendulum equation, just for in general different kinds of k
(see e.g. (1.2.13)) it would be interesting to find a connection between these two
angles.

This would be in particular interesting in view of a possible quantization
of the O? invariant Chiral model [44]. Let us consider a fundamental face
(q2j—2, U*(%)qgj,l, Q25 U(%)qgj,l) of the Chebychev net on the two-sphere:

Let v be the length of the diagonal (U(%)qgj_l, U*(%)q%_l) in our fundamental
square, 0 be the length of the edges of the square and ws;_; the angle between
the edges as indicated in the figure above.

Then
0 0
QSin% = |U(?) cosagj—1 | — U*(?) cosagj_1 || = 2sin§cosa2j1
sin Q51 sin Q951

Now on the other hand by the formula of Delambré [8]:

sin% = sin _w2;- “Lging.
Hence - 5
S . Woj-1
: —#£0 4.2.50
smg2 Ty 7 (42.50)
——

a

COsS Qigj—1 =
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After some simple trigonometric manipulations we finally obtain for the case
g,aec0,m),a>0

e = asing + 4 [ a? sin® g —1 (4.2.51)

If we consider a rotational invariant surface belonging to a solution of the initial
value problem (wq, w1 ):

' ‘ k iwy \ 2 )
Wkt tiwp—1 — (1_:_%) k= tan2§ (4.2.52)
ezw

where w gives the angles between the normals of the corresponding Gaussmap
(1.2.13) then scanning through all possible values of § changes basically only the
size of the lattice constants of our discrete surface and not the general features
of the surface.

So let 0 be fixed but arbitrary. Then the choice of the constant a in (4.2.50)

¢ 1.
sin o = asm5 ¢,0 € (0, )

amounts to fixing the rotation angle ¢. But if we fix the angles ¢ and 0 then
the initial value wy determines the initial value w; and hence finally the solution
to the initial value problem. In this sense the parameter a classifies rotational
invariant surfaces.

Let us consider an example. Let a =1, i.e. % = ¢, then by (4.2.51) we find

1

ek = jetwr/? (4.2.53)
Inserting (4.2.53) into (4.2.49) with k = —tan®% we find immediately that

Wpyl |, WE—1 /Nf + etk ~ 1)
im = k=tan’= = —k

e = _
1+ ketwr 2

which finally gives (4.2.52) as expected. The surface corresponding to a = 1
should be the pseudosphere, which can be seen by the fact that % = § implies w; =
7 along the equator. The above shall serve as a start of a thorough investigation
of the Gauss map of discrete K-surfaces.

4.3 The last sine-Gordon type equation

Next to the discussed examples of sine-Gordon equations (see preceding chapters)
there exists another nice model where a "nearly” sine-Gordon equation finds its
application. It will turn out that the rotational invariant Chebychev net case of
last sections is a consequence of this model.
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Consider the sphere S? € R3. We choose an arbitrary initial Cauchy zig-zag
on the sphere whose ”lower” points lie all on one circle. This circle shall serve
as latitudinal meridian and hence defines a north pole which shall per definition
lie in time up direction. The points on the sphere which are the vertices of the
above initial Cauchy zig-zag shall evolve according to the rules:

1.) The point N, which closes the spherical quadrilateral formed by the "zig”:
Ny, Ng, N, shall lie on the same longitudinal meridian as Ng.

2.) The lengths of the arcs N;, N, and N,, N, are subject to the constraint:
(Ny, NgY(N;, Ng) = (N,., N, )(Ni, No,) (4.3.54)
where (,) denotes the euclidean product on R3.

If we exclude the case N; = N, then the above rules define a unique evolution
on S2, as will be shown below.

Proposition 4.3.1 a.) The latitudes of the points on S* € R® which obey the
above defined evolution satisfy a square root of the discrete sine-Gordon equa-
tion.

b.) Any solution to the discrete sine-Gordon equation with the above intial con-
ditions and appropriate choice of root defines an evolution of the above form.

Proof:
a.) and b.) can be proven simultanously by showing the equivalence of (4.3.54)
to a discrete sine-Gordon equation.

The constraint in (4.3.54) is independent of the choice of reference frame in
SO(3) hence we can choose a reference frame such that

0 0
Ng= | cos(ayg) and N, = | cos (o)
sin (aq) sin (o)

Moreoever if we denote the distances of N, or N; to the diagonal arc(N,, Ng)
with ¢, or ¢; respectively we obtain:

—sin (¢y) cos (o) sin (¢y) cos (o)
N, = cos (¢y) sin (o) and N, = | cos(¢,)sin ()
sin (o) sin (a.)

A straightforward computation shows that writing condition (4.3.54) in these
coordinates gives the following sine-Gordon type equation:
k'r + €2i047‘ kl + eQiOél

toutiod — . : 4.3.55
e 1 + kremar 1 + klemal ( )
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where

S

i)_l

cos (%) +1

We call this equation of sine-Gordon type since the evolution for the variables
k., k; will in general be highly nontrivial and not constant, as assumed for the
ordinary discrete sine-Gordon equation.

Clearly in the case k., = k; = k and «, = a; we are back at the case of a
rotational invariant Chebychev net (4.2.3).

In general one can’t expect that the above evolution defines a discrete Cheby-
chev net. In fact we conjecture that the above evolution of points on the sphere
forms a discrete (weak) Chebychev net only for the rotational invariant case.

cos (

ki =

SIS{l



Chapter 5

Appendix

5.1 Poisson relations for the free edge algebra

Let us recall the classical commutation relations of the 2p space periodic algebra
generated by variables, which are
assigned to the faces of discrete Minkowski spacetime, i.e. the socalled face

algebra {(pr)keo,..2p-1} }

{pr, ki1t = 8a (5.1.1)

{Pn,Pkt1+5} = 0 for je€{1..2p—3} (5.1.2)

P = DPop+k, (513)

(where usually a = —i). The periodic face variables {(px)reo,.2p—13} shall be

expressed in terms of variables on the edges of discrete Minkowski space time -
the socalled edge variables {(ug, Ug)reqo,..2p}} - Via :

Pk = Up + Ugy1 — Vg + Vpg1 + 3 3 = const, (5.1.4)

(where (8 is usually zero). The edge variables {(ug, vk )keqo,. 2p+13+ shall be free
coordinates on a virtual phase space R*** i. e. there shall be a priori no
restrictions as e.g. the one given in section 2.4.2. In the following we would like
to construct poisson relations between the edge variables {(uk,vk)ke{07___2p+1}}
which are partially induced by the poisson relations between the face variables
via (5.1.4) and a few additional assumptions. Regarding (5.1.4)we see that the
generators of the edge algebra do not necessarily need to be periodic, in order
to induce that the generators of the face algebra {(p)refo,. 2p—1}}are. So we
will introduce translational invariant monodromies my even/odd A0d My cven/odd (S€
also (5.1.6)). The algebra generated by {(ux, vk)refo,..2p+1}} Will henceforth be
quasiperiodic (see also section 2.3). Let us impose the following assumptions:

Assumptions:

119
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1.) The commutation relations shall be translational invariant, i.e.:

{ak, a;} = {aktm, jim} foa. mezZ a=u,v. (5.1.5)
2.) The monodromies defined by:

Myeven = U2p — Up Muyodd = Uiy2p — U1 nez (5 1 6)

Myeven = V2p — Vo Myodd = Vig2p — V1

shall define quasi periodic variables recursively via:

Uon42p = U2p + My even Uon+1+42p = U2n+1 + My 0dd

) . nez
Von+2p = U2p + My even Von+14+2p = V2n41 + My odd

(5.1.7)

3.) u; and v; on different sites i, j within the periodicity regime shall poisson
commute,i.e:

{uj,vise} =0 foa. ke€ez—{0}mod/,2p i€ (5.1.8)

4.) u; and v shall observe the following ultralocality condition:

{ai,cisxn} =0 foa. kez—{0,—1}mod2p a=wu,v i€Z (51.9)

5.) The poisson structure on quasi periodic phase space shall be compatible with
the poisson structure given by (5.1.1)-(5.1.3) via definition (5.1.4). In par-
ticular we assume that the poisson bracket between any two coordinates is a
real constant function.

(5.1.10)
By using (5.1.3) we notice now the following:
0= Pon+2p — P2n = Muyeven + My odd — Mo even T My odd
0= Ponti+2p — Pont1 = Muyeven + My odd + My even — My odd
Hence mycpen = —Muyodd := My and My epen = Myodd := My, i.e. modulo the

minus sign even or odd monodromies of the u;’s and v;’s have to be the same,
respectively. Hence we can restrict ourselves to the investigation of 4p+2 variables

{(Uk, ’Uk)ke{o,...zp}}

Proposition 5.1.1 The poisson structure for the quasi periodic variables {(ux, Vk)re{o,.2p} }
or {(uk,vk)k€{07...2p,1}7mu,mv} 1s up to the constants b,c € R uniquely determined
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by axioms (5.1.5)-(5.1.10), it reads as:

{Un, Upsor} = —2a—b+c le{l.p—1}
{Un, Unsom-1} = 2a+b—c  me{l.p}

{Vn, Vnar} = 2a—b—c ke{l.2p—1}

{tn,vnyj} = 0 j€z—{0}mod2p

{up,v,} = —2a—c nez (5.1.11)
{u,,my} = (=1)""4a +2b— 2c

{tup,my} = 0

{vn,my} = 0

{vp,my} = 4a—2b—2c

Proof:
Because of (5.1.10) define {u;,v;} = —2a — ¢ and {uy,, uy1} = 2a + b — ¢ with
b,c € R. Now

5.1.4
8a = {pnaanrl} = {un + Up+1 — Un + Un+1,; Un+1 + Up+2 — Un+1 + UnJrQ}

5.1.8,5.1.9
= {unJrl + Un+1,; Un+1 + Up+2 — Up41 + Un+2}

= {Vn41,Uns2} +6a+b+c
By (5.1.8) we get
0 "= {uni1,cni2}t = {unsr Unpo} + {tni1, ungst = {uni1,ungs} = —2a—b+c
5.1.9
0 "= {UnJrla Cn+2} = _{UnJrla UnJrQ} + {UnJrla Un+3} = {UnJrla Un+3} =2a—0b-—c.

Hence by induction

{tUn, Upsot} = —2a—b+c le{l.p—1}
{tUn,Uptiom-1} = 2a+b—c m € {1..p}
{Vn, Vpik} = 2a—b—c ke{l.2p—1}
(5.1.12)

Now

—2a—b+c = {uQn, u2n+2l} = {uQn, Uont21—2p T mu} l e {1...p — 1}
_{U2j, u2j+2p_21} + {ugn, my} j=n+1l—0p
= 2a+b—c+ {ug,, m,}

Analogously we obtain {us, 1, m,} = 4a + 2b — 2¢ where again 2p denotes peri-
odicity.
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Now

{unapn-i-Qp—l} = {un,pn_l} =—4da—0b

5é4 _2a _ b _|_ C —|— {Un+2p7 Un+2p}

Hence {un+2p, Untop} = —2a — c.

Analogously we find all other poisson commutation relations between coordinates
u;, v; with the monodromies as well as between the monodromies themselves. Af-
ter the check wether all in this way obtained commutation relations are compat-
ible with the poisson structure given by (5.1.1)-(5.1.3) via definition (5.1.4) we
are done.

Remark 5.1.2 The monodromies commute with the face variables for all com-
mutation relations given in (5.1.11.



Conclusions

The investigation of classical phase space belonging to the discrete sine-Gordon
model resulted in an explanation of the relation between the vertex variables g;
and the difference variables or face variables p; = ¢;-1 — ¢;11. The difference
variables can be obtained via a reduction of phase space [45, 26]. The reduction
process deleted the additional degrees of freedom one obtaines by integrating the
difference variables p; along a Cauchy zig-zag, i.e.

-1
920 = go — Z D2k41- (5.1.13)
2k+1

A similar proces takes place in the nonabelian case, when integrating the frame
of a discrete K-surface, i.e.

Gtk = Ltk . Loogoo (5.1.14)

So it will be of particular interest to investigate how the techniques developped
for the above abelian case (5.1.13) carry over to the nonabelian case (5.1.14).
This could lead to a possibility to quantize K-surfaces, or at least the normal
map of K-surfaces, which is still an open problem.

Another way to achieve this goal could be to understand better how a quan-
tized K-surface or its correponding quantized normal map should look like. The
connection of the rotational invariant normal map to the pendulum equation
(which posesses a meaningful quantization) give a valuable hint for that.

Another important question is wether the normal map of a K-surface could
may be fit into another - more general - integrable model as there are e.g. the
wellknown Toda systems [28], which already posess a quantized analog [34].

Besides this ”futuristic” outlook there are more down to earth open questions.
In the quantization of the models described in the present work appears for the
root of unity case the phenomen of classical background [52]. In [52] it was
already indicated how this feature could be interpreted within the realms of
noncommutative geometry [12]. Nevertheless this has to be investigated further.
In particular it will be here espiacially interesting, wether the lightcone shifts
introduced in the present work (3.4.55) already posses a formulation within this
theory. This applies also the the theory of quantum groups ([25]).
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